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1.2 c1 = −244.00, c2 = 0, c3 = 455.48 rad/s,
ē2 = −0.1449̄i+ 0.9704j̄ − 0.1932k̄, ē3 = −0.5822̄i+ 0.2415j̄ + 0.7763k̄.

1.5 V = 6.116
(
10−6

)
m3.

1.7 Fy = 386.18, Fx = 336.79 N.

1.8 F̄ = 3009̄i− 3492j̄ + 1937k̄ N, M̄A = 7749̄i− 12034k̄, Mshaft = −11624 N-m.

1.10 ∆r̄C = −1.1753̄i+ 1.0445j̄ − 0.4113k̄, ∆r̄B = 1.1753̄i− 1.0445j̄ − 0.4113k̄
1.12 v̄P = [εα cos (αt) cos θ −Rαt sin θ] ī+ [εα cos (αt) sin θ +Rαt cos θ] j̄,

v̄‖ = εα cos (αt) , v̄⊥ = Rαt.

1.16 P = [F1 + F2 cos (θ1 + θ2)] ṡ+ F2L1θ̇2 cos θ2 + F2L
(
θ̇1 + θ̇2

)
cos (θ1 + θ2).

2.2 (a) mẍ = βBẏ, mÿ − βB, mz̈ = 0,

(b) ω =
βB

m
(c) C = 0, S =

v0
ω
, D = 0, E =

vo
ω

(d) circular path centered at x = 0, y = −vo/ω with radius = vo/ω
2.3 βmax = 21.419o

2.6 (a) v̄ = uī+
πHu

L
cos
(πx
L

)
j̄, ā = −π

2Hu2

L2
sin
(πx
L

)
j̄,

(b) N = mg

[
1 +

(
π
uH

L

)
cos
(πx
L

)2]1/2(
1− π2u

2H

gL2
sin
(πx
L

))
, x = ut.

(c) u <

(
gL2

π2H

)1/2

.

2.11 F = 3.314 N, N = 10.326 N

2.13

 v̄ · ēR
v̄ · ēθ
v̄ · ēz

 = cλ

 1
−2.094γ
8.3776

 ,

 ā · ēR
ā · ēθ
ā · ēz

 = cλ2

 −1.0472γ2

−4.6276γ
2


2.14 v̄ = u cot θēR − LΩ sin θēθ − uēz, ā = −

(
u2

L (sin θ)
3 + LΩ2 sin θ

)
ēR − 2Ωu cot θēθ.

2.15 v̄ =

[
3

4
u cot θ

]
ēR +

[
3L

2
ω sin θ

]
ēφ +

[
−1

4
u

]
ēz

ā =

[
−3

8

u2

L (sin θ)
3 −

3L

2
ω2 sin θ

]
ēR +

[
3L

2
ω̇ sin θ +

3

2
uω cot θ

]
ēφ

2.19 (a) ā = −525.89ēr − 386.92ēφ, (b) ā = −770.94ēR + (0)ēθ − 6ēz
2.21 (a) s = s0/4, (b) s = s0/2, (c) R = 2s0/π, (d) s = 0.3280π.

2.23 ρ =
c2 + k2L2

k2L
, τ =

(
c2 + k2L2

) 1
2

ck
2.25 v̄ =

(
0.1451i− 0.4785j̄

)
β, ā =

(
0.0304i− 0.16973j̄

) (
β2/k

)
.

2.26 v = Aω
[
1 + 3 (sin θ)

2
]1/2

, v̇ = 3ω2A
sin θ cos θ[

1 + 3 (sin θ)
2
]1/2 , ā · ēn =

2ω2A[
1 + 3 (sin θ)

2
]1/2 .

2.28 ēt = −0.4804̄i+ 0.2774j̄ + 0.8321k̄, ēn = −0.5160̄i+ 0.6769j̄ − 0.5241k̄
ēb = −0.7086̄i− 0.6818j̄ − 0.1818k̄, ρ = 6.392 m, τ = 40.33 m.

2.33 v = 12.329 m/s, v̇ = −8.922 m/s2, ρ = 3.719 m, r̄C = −22.071̄i+ 27.462j̄− 8.2399k̄ m.
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2.35 ṙ = −350.0 m/s, λ̇ = 0.06351 rad/s, θ̇ = −0.03244 rad/s,

r̈ = 4.831 m/s2, λ̈ = −0.01285 rad/s2, θ̈ = −0.005277 rad/s2.

2.36 v̄ =
(
Ṙ cos θ −Rθ̇ sin θ

)
ī+
(
Ṙ sin θ +Rθ̇ cos θ

)
j̄,

a =
(
R̈ cos θ − 2Ṙθ̇ sin θ −Rθ̈ sin θ −Rθ̇2 cos θ

)
ī

+
(
R̈ sin θ + 2Ṙθ̇ cos θ +Rθ̈ cos θ −Rθ̇2 sin θ

)
j̄.

2.38 v̄ = θ̇ (R′ēR +Rēθ) , ā = θ̇2 [(R′′ −R) ēR + 2R′ēθ] , ρ =

[
(R′)

2
+R2

]3/2
R′′R−R2 − 2 (R′)

2 .

2.41 (a) v̄ = −0.2828uī− 1.1314uj̄, ā = −0.5440u2ī− 0.8960u2j̄,
(b) F = m

(
1.1676u2 − 11.095

)
.

2.43 v = 20.62 m/s, v̇ = 250.0 m/s2

3.1
[R] =

 0.8321 −0.5547 0
0.3714 0.5571 0.7428
−0.412 −0.618 0.6695

 , r̄C/A = 0.4828j̄ − 0.5356k̄ m.

3.4
[R] =

 −0.9285 0.3714 0
−0.1564 −0.3910 0.9070
0.3369 0.8422 0.4211

 , r̄O/A = 46.42̄i+ 7.82j̄ − 16.84k̄ m.

3.8 (a) [xE yE zE ] = [−75.09 − 48.32 − 42.73] mm,
(b) [XE YE ZE ] = [−1.62 − 98.80 − 6.06] mm.

3.14 [XC YC ZC ] = [0.1465 0.3357 0.0766] m.

3.17 φ = 77.14◦ about K̄ ′ = 0.9265Ī − 0.3258J̄ − 0.1881K̄.

3.18 [R] is equivalent to rotating 151.48◦ about ē = 0.5644Ī − 0.1780J̄ − 0.8961K̄

3.21 ∆r̄C = −406.9Ī − 378.6J̄ − 505.1K̄ mm.

3.23 ∆r̄A = −113.19Ī + 124.14J̄ − 13.76K̄ mm, ∆r̄B = 95.83Ī − 25.66J̄ + 13.76K̄ mm.

3.25 ∆r̄F = 39.689Ī + 5.236J̄ − 13.818K̄ mm, ∆r̄F = 33.757̄i+ 24.417j̄ + 7.6023k̄ mm,

3.30 ω̄ = 1000πī+ 0.16667k̄ rad/s, ᾱ = 166.7πj̄ rad/s
2
,

where ī = ēt and j̄ = ēn for the airplane’s path.

3.31 ω̄ = −0.4330
(
θ̇ + 2β̇

)
ī+ 0.5

(
θ̇ + 2γ̇

)
j̄ + 0.250

(
3θ̇ − 2β̇

)
k̄,

ᾱ = −0.250
(
θ̇β̇ + 3θ̇γ̇ − 2β̇γ̇

)
ī− 0.8660θ̇β̇j̄ + 0.4330

(
θ̇β̇ − θ̇γ̇ − 2β̇γ̇

)
k̄.

3.32 ω̄ = −2̄i+ 5241j̄ − 19.32k̄ rad/s, ᾱ = 101 210̄i+ 12.76j̄ − 10370k̄ rad/s
2
.

3.33 āC =
[
Lθ̈ sin 2θ − Lθ̇2 (9 + cos 2θ)

]
ī+

[
Lθ̈ (3 + cos 2θ) + Lθ̇2 sin 2θ

]
j̄, ī = ēC/B .

3.37 āB/A =
(
−Ω2H + 2Ωθ̇W sin θ

)
ī−
(

Ω2 + θ̇2
)
W (cos θ) j̄ − θ̇2W sin θk̄.

3.39 v̄E = − (3.77L+ 127.3R) j̄ − 10 (L+R) k̄,
āE = − (106.3L+ 16315R) i+ 25.13 (L+R) j̄ − (495.3L+ 182.1R) k̄.

3.42 v̄D = −6.566̄i−−2.347j̄ + 11.638k̄ m/s, āD = −314.9̄i− 237.4j̄ − 317.4k̄ m/s
2
,

where j̄ = ēC/B and k̄ = ēB/A × ēC/B/
∣∣ēB/A × ēC/B∣∣ .

3.44 u̇ = (50− sin θ) g + θ̇2s+ Ω2s (cos θ)
2
,

Nhorizontal = 2mΩ
(
u cos θ − θ̇s sin θ

)
, Nvertical = m

(
g cos θ + Ω2 s

2
sin 2θ + 2θ̇u

)
3.46 v̄C = (v cosβ − bθ̇ cos θ)̄i− bβ̇ sin θj̄ + bθ̇ sin θk̄

āC = (−bθ̈ cos θ + (a+ b sin θ) β̇2 + bθ̇2 sin θ − 2uθ̇ cos θ)̄i

−((a+ b sin θ) β̈ + 2uβ̇ sin θ + 2bθ̇β̇ cos θ)j̄

+(bθ̈ sin θ + bθ̇2 + 2uθ̇ sin θ)k̄

3.49 v̄B = ξ̇ ī+ Ωξ sin θj̄ + θ̇ξk̄,

āB =
[
ξ̈ − θ̇2ξ − Ω2ξ (sin θ)

2
]
ī+

[
2Ωξ̇ sin θ + 2Ωθ̇ξ cos θ

]
j̄

+
[
θ̈ξ − Ω2ξ sin θ cos θ + 2θ̇ξ̇

]
k̄.
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3.51 ω̄ = 0.9397Ω cosφī− 0.9397Ω sin θj̄ +
(
−0.3420Ω + φ̇

)
k̄,

ᾱ = −0.9397Ωφ̇ sinφī− 0.9397Ωφ̇ cosφj̄ + φ̈k̄,

v̄G = −1.47ΩL sinφī+ L
[
− (0.171 + 1.47 cosφ) Ω + 0.5φ̇

]
j̄ + 0.4698ΩL sinφk̄,

āG = L
[(
−0.5− 0.5027 cosφ+ 0.8415 (cosφ)

2
)

Ω2 − 0.5φ̇2 + 0.342Ωφ̇
]
ī

+L
[
0.5φ̈+ (0.5027 sinφ− 0.2208 sin 2φ) Ω2

]
j̄

+L
[
− (1.381 + 0.1607 cosφ) Ω2 + 0.9397Ωφ̇ cosφ

]
k̄

3.53 ω̄ =

(
v

τ
+ v

dβ

ds

)
ēt +

v

ρ
ēb,

ᾱ =

(
v̇

τ
− v2

τ2
dτ

ds
+ v̇

dβ

ds
+ v2

d2β

ds2

)
ēt +

v2

ρ

dβ

ds
ēn +

(
v̇

ρ
− v2

ρ2
dρ

ds

)
ēb.

3.54 (v̄B)x2y2z2
= −46.57Ī + 41.16J̄ m/s, (āB)x2y2z2

= −19668Ī − 35112J̄ m/s2.

3.56 (ācan)xyz = (0.25s− 2.503) i− 0.918j̄ − (s+ 5.553) k̄.

3.59 s = −
(
ωe sinλ

u

)
d2 to the right.

4.1 v̄D =
(
Rω1 cosβ −Rω2 − Lβ̇

)
ī+ Lω1 sinβj̄ −Rω1 cosβk̄,

āD =
(
−Lω2

1 sinβ cosβ − Lβ̈
)
ī+
[
−R

(
ω2
1 + ω2

2

)
+ 2ω1

(
Lβ̇ +Rω2

)
cosβ

]
j̄

−
[
ω2
1L (sinβ)

2
+ Lβ̇2 + 2Rω2β̇

]
k̄.

4.3 ψ̇ = −98.266 rad/s, γ̇ = −21.484 rad/s, η̇ = 144.77 rad/s,
ω̄ = −21.406̄i′ − 21.406j̄′ + 44.633k̄′ rad/s.

4.5 θ = π/3, φ = 0,

ψ̇ − 40rad/s, θ̇ = 10rad/s, φ̇ = −800rad/s,

ψ̈ = 9007rad/s
2
, θ̈ = −1001rad/s

2
, φ̈ = 3811rad/s

2
,

4.9 v = 5.313 m/s, v̇ = 724.1 m/s2.

4.12 v̄A = bθ̇ cos θJ̄, āA = b
(
θ̈ cos θ − θ̇2 sin θ

)
J̄,

v̄B = −bθ̇ sin θĪ, āB = −b
(
θ̈ sin θ + θ̇2 cos θ

)
Ī ,

v̄G =

√
2

2
bθ̇ cos

(
θ +

π

4

) (
Ī + J̄

)
,

āG =

√
2

2
b
[
θ̈ cos

(
θ +

π

4

)
− θ̇2 sin

(
θ +

π

4

)] (
Ī + J̄

)
.

4.15 θ = 60◦ : ω̄BC = −0.1111θ̇k̄, ᾱBC = −0.4467θ̇2k̄, k̄ is inward.

θ = 120◦ : ω̄BC = −0.2727θ̇k̄, ᾱBC = −0.1232θ̇2k̄.

4.17 ω̄BC = 0.8660ωAB k̄, ω̄CD = −0.50ωAB k̄, ᾱBC = 0.250ω2
AB k̄,

ᾱCD = 1.616ω2
AB k̄, k̄ is outward.

4.18 v̄B = 0.866vAī+ 0.866LΩj̄ + 0.5vAk̄, v̄G = 0.433vAī+ 0.433LΩj̄ − 0.25vAk̄,
where k̄ is upward and ī is radial.

4.20 v̄C = −RΩ sin θī+ uj̄ − u tan θk̄, āC = −2Ωuī−RΩ2 sin θj̄ − u2

R

1

(cos θ)
3 k̄

where k̄ is upward and j̄ is radial.

4.23 vD = 18.138 m/s, ω̄CD = 17.490̄i+ 141.22j̄ − 90.88k̄ rad/s,

aD = −13802 m/s
2
, αCD = 950.7̄i+ 4718j̄ − 4940k̄ rad/s

2
.

4.26 (a) No unique solution, (b) ωAB = −ωCD = 1.20vAJ̄ + 1.60vAK̄ rad/s, where Ī = ēA/C .

4.28 v̄C = 1
2 [(ω1r1 + ω2r2) + (ω2r2 − ω1r1) cos θ] ī+ 1

2 (ω2r2 − ω1r1) sin θj̄

āC = − (ω2r2 − ω1r1)
2

2(r2 − r1)
sin θī−

[
(ω2r2 + ω1r1)

2

2(r2 + r1)
+

(ω2r2 − ω1r1)
2

2(r2 − r1)
cos θ

]
j̄

where j̄ is radial and ī is downward to the right

4.30 ω̄A = 0.7273
v

R
clockwise, ᾱA = 0.1172

v2

R2
clockwise.
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4.32 ω̄ =
v (cos θ)

2

R (cos θ)
2

+ h
clockwise, ᾱ =

2v2h (cos θ)
3

sin θ[
R (cos θ)

2
+ h
]3 counterclockwise.

4.35 ω̄ = − v
R
ī+

v

R
cosβj̄, ᾱ =

v2

R2
(1 + cosβ) sinβk̄,

ī parallel to the cone generator and j̄ upward.

4.38 ω̄ =

[
Ω1 cos (β + γ) + (Ω1 − Ω2)

sinβ

sin γ

]
i− Ω1 sin (β + γ) j̄,

ᾱ =

[
Ω̇1 cos (β + γ) +

(
Ω̇ 1 − Ω̇2

) sinβ

sin γ

]
i− (Ω1 − Ω2) Ω1

sinβ

sin γ
sin (β + γ) j̄

−Ω̇1 sin (β + γ) k̄
where ī is along axis of gear A and k̄ is upward to the left

4.40 Precession : ψ̇ = Ω1 +
(Ω1 − Ω2)

(sinβ)
2

[(
R

r
− 1

)
cosβ − 1

]
,

Spin: φ̇ =
(Ω1 − Ω2)

(sinβ)
2

(
R

r
− 1− cosβ

)
,

ω̄ =
(
ψ̇ cosβ + φ̇

)
ī+ ψ̇ sinβk̄, ᾱ = −φ̇ψ̇ sinβj̄,

ī parallel to the cone generator, k̄ upward.

4.42 ψ = 33.69◦, ψ̇ = −15.428 rad/s, θ̇ = 0.6934 rad/s, φ̇ = 13.699 rad/s.

4.44 ω̄ = 2Ω (1 + cosβ) ī+ β̇j̄ − Ω cosβk̄, β̇ =
u

R

(
1

sinβ − 2 cosβ

)
ᾱ = −2Ωβ̇ sinβī−

[
u2

R2

1

(sinβ − 2 cosβ) 3
+ Ω2 cosβ (2 + 2 cosβ − sinβ)

]
j̄

−2Ωβ̇ (1 + cosβ − sinβ) k̄, ī = ēC/B , k̄ upward.

5.2 (a) H̄O = 8.3138k̄ kg-m2/s

(b) H̄O = 8.3138
(
sinφJ̄ + cosφK̄

)
kg-m2/s

(c)
d

dt
H̄O ≈ 2452.357J̄ − 454.517K̄ kg-m2/s

2

d

dt
H̄O = 2452.388J̄ − 454.523K̄ kg-m2/s

2

5.4 Γ̄C =

[
−3

2
mgL sin θ +

5

4
L2mL2θ − 5

4
mL2Ω2 cos θ sin θ

]
j̄ − 5

2
mL2Ωθ̇ (cos θ) k̄

F̄ = 2mg

[
cos θ +

3

2
LΩ2 cos θ sin θ

]
ī− 3mLΩθ̇ (sin θ) j̄ − 3

2
m
[
LΩ2 (cos θ)

2
+ Lθ̇2

]
k̄

5.6 m = 6.369 kg, xG = 1.1078 m, yG = 0.5847 m,

Ixx = 3.544, Iyy = 9.931, Izz = 13.475 kg-m2, Ixy = 5.776 kg-m2.

5.8 xG =
4R

3π
, zG =

2L

3
, Ixx =

mL2

4

[
1 + (cosψ)

2

(cosψ)
2

]
, Ixz =

mL2

π
tanψ

5.10 m =
7

12
πρR2L, zG =

11

28
L, Ixx = Iyy = m

128L2 + 93R2

560
, Izz = m

93R2

280
.

5.11 m = 414.1 kg, r̄G/O = 2.26j̄ + 200k̄ mm, centroidal x̂ŷẑ are principal axes with

Ix̂x̂ = 9.495, Iŷŷ = 9.498, Iẑẑ = 9.800 kg-m2.

5.13
[I] = mR2

 0.542 0.042 0
0.042 2.542 0

0 0 1.292

 .
5.15 Ixx = 9.265σR3, Iyy = 2.649σR3, Izz = 8.773σR3

Ixy = 0.745σR3, Iyz = 2σR3, Ixz = 0

5.18 I1 = 26.61(10−6), I2 = 456.7(10−6), I3 = 483.3(10−6) kg-m2.

5.20
[I] =

 188.5 228.9 0
228.9 1687.5 −21.5.1

0 −21.5 1616.0

 kg-m2 for θ = 30.03◦
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5.22 I1 = 304.88(10)−6, I2 = 1221.8(10)−6, I3 = 1462.7(10)−6 kg-m2

[R] =

 −0.9723 −0.2104 −0.04106
−0.2292 0.9591 −0.08656
−0.04644 −0.1894 0.9954


5.24 H̄C =

1

9
mL2Ω sin θj̄, dH̄C/dt =

1

9
mL2Ω2 sin θ cos θk̄

with x aligned with bar AB, y upward in the vertical plane.

5.27 dH̄O/dt = 0.090411k̄ = 0.090411k̄′ kg-m2/s
2

5.29 F̄O = −mL
[
ψ̇2 (sin θ)

2
+ θ̇2

]
ī−mL

[
θ̈ − ψ̇2 sin θ cos θ

]
j̄ − mL

[
ψ̈ sin θ + 2ψ̇θ̇ cos θ

]
k̄,

M̄O =
[
I1ψ̈ cos θ − (I1 − I2 + I3) ψ̇θ̇ sin θ

]
ī+
[
I2ψ̈ sin θ − (I1 − I2 − I3) ψ̇θ̇ cos θ

]
j̄

−
[
I3θ̈ + (I1 − I2) ψ̇2 sin θ cos θ

]
k̄, ī = ēG/O.

5.31 ΣF̄ = −1.44Lk̄, ΣM̄ = (−15.71 cosβ + 0.001836 sinβ cosβ)k̄ Nm with k̄ = ēD/C

5.33 H̄G = mR2ω1

[
0.125λī+ (0.433λ− 0.5) k̄

]
,
dH̄G

dt
= mR2ω2

1

(
0.25λ− 0.10825λ2

)
j̄

λ = 2.309 for no dynamic reactions,
ī is the axis of the disk, j̄ is perpendicular to the diagram.

5.35 F̄B = 3mRΩ2Ī +mgK̄, M̄B =
1

4
mR2

[
−2Ωφ̇ (cos θ)

2
+
(

Ω2 − φ̇2
)

sin θ cos θ
]
j̄

ī is the axis of the disk, j̄ is perpendicular to the diagram.

5.38 θ = 89.416◦, β = 28.369◦, |w̄| = 2.4658, ψ̇ = |ω̄| sinβ
sin θ

, φ̇ = |ω̄| sin(θ − β)

sin θ
5.40 (a) H̄G = m(0.3147̄i− 0.0906j̄ + 0.0315k̄) kg-m2/s

(b) ψ = 0, θ = 84.506◦, φ = 163.93◦

(c) ψ̇ = 1.2139 rad/s, θ̇ = −0.78386 rad/s, φ̇ = −0.097324 rad/s

6.1 Ω =

(
3g

2L cos θ

)1/2

.

6.5 v̇ = 0, F̄left = −mv
2

6R
cos θĪ +

(
3

2
mg +

mv2

6R
sin θ

)
K̄,

F̄right =
mv2

6R
cos θĪ +

(
3

2
mg − mv2

6R
sin θ

)
K̄, K̄ upward.

6.7 F̄A =
[
10g cos γ − 2.5ψ̇2 (sin γ)

2
]
ī+
[
10g sin γ − 2.5ψ̇2 sin γ cos γ

]
j̄ − 2.5ψ̈ sin γk̄ N,

M̄A = 0.4ψ̈ cos γī+ 0.225ψ̈ sin γj̄ +
(

2.5g sin γ − 24πψ̇ sin γ − 0.175ψ̇2 sin γ cos γ
)
k̄ N-m,

ī along the axis of symmetry, k̄ horizontal.

6.10
1

3
θ̈ + Ω2

(
1

2
+

1

3
cos θ

)
sin θ =

g

2L
cos θ.

6.14 ω2
1 >

g/R

0.4 + 1.25 sin 2θ
.

6.15 N [L (1 + cos γ)−R sin γ] = mgL (1 + cos γ)−mR2Ω2

[
L2

R2
sin γ

+

(
1

4
− L

2R

)
cos γ

]
sin γ, γ =

π

6
.

6.19 Front wheel drive: v̇ = µg
L− b
L+ µh

, rear wheel drive: v̇ = µg
b

L
,

all wheel drive: v̇ = µg.

6.22 θ̈ = 0.978
g

L
.

6.25 φ̈ = 22.45 rad/s2.

6.32 ωA − ωB =
gL

R2ψ̇
.

6.34 ∆N = 63.4 N, increase at front wheels, decrease at rear wheels.
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6.38 v2 =
1.7194

1 + κ2/R2

(
FR

m

)
.

6.40 v2 =
2FR3

m (R2 + κ2)

[
θ + sin θ −

√
5 +

√
8− 2 cos θ − (cos θ)

2

]
.

6.42 maxφ = 37.49◦.

6.44 (a) θ̇ = 4.3503

√
g

L
, (b) max (θ) = 133.8◦ above horizontal.

6.52 ω2 =
mvh

2IA
where point A is the corner where impact occurs.

6.54 v̄G = 15.459 m/s downward, ω2 = 17.441 rad/s counterclockwise.

6.58 (v̄B)2 = 0.8589v1 at 34.19◦ below the left direction.

6.63 P = 1593.2 J. Power minimized when θ = 90◦.

7.1 M = 1
2mgL.

7.4 Part (a): Q1 = − (FLH + ΓH)

y2 +H2
− k (y −H)− mgLH2

2 (y2 +H2)
3/2

Part (b): Q1 = −

[
FL+ Γ +

kH2 (tan θ − 1)

(cos θ)
2 +

1

2
mgL cos θ

]
7.10 Q1 = −

√
2kb2 sin

θ

2
− F = Qcons +Qnc

7.14 3mü+mẍm = F
mü+m

[
1 + 4β2x2m

]
ẍm + 4β2xmẋ

2
m + 2βmgxm = 0

7.18
1

3
mL2φ̈+

1

2
mLεΩ2 sinφ+ kφ = 0.

7.21 4mR2
(
θ̈ + ω2 sin θ cos θ

)
+ 2mgR sin (2θ + ωt) = 2FR sin θ.

7.24 (m1 +m2) ẍ−m2 (R− r)
(
θ̈ cos θ − θ̇2 sin θ

)
+ kx = F,

3

2
(R− r) θ̈ − ẍ cos θ + g sin θ = 0.

7.25 m
[
2R̈1 + R̈2 − (2R1 +R2) θ̇2

]
+ k (R1 − L)− 2mg cos θ = 0,

m
[
R̈1 + R̈2 − (R1 +R2) θ̇2

]
+ k (R2 − L)−mg cos θ = 0.

7.30 (m1 +m2) s̈+m1 (R+ ε cos θ) θ̈ −m1εθ̇
2 sin θ = (m1 +m2) g sinβ,

m1

(
R2 + ε2 + κ2 + 2Rε cos θ

)
θ̈ +m1 (R+ ε cos θ) s̈

−m1Rεθ̇
2 sin θ = m1g [R sinβ + ε sin (β + θ)] .

7.33
[
1 + 8 (cos θ)

2
]
θ̈ −

(
9Ω2 + 8θ̇2

)
sin θ cos θ =

(2mg − 4F )

mL
sin θ.

7.36 (m1 +m2) z̈ +
1

2
m2L

(
θ̈ sin θ + θ̇2 cos θ

)
+ (m1 +m2) g + kz = F,

1

3
Lθ̈ +

1

2
z̈ sin θ − 1

3
Lψ̇2 sin θ cos θ +

1

2
g sin θ = 0,

1

3
m2L

2
[
ψ̈ (sin θ)

2
+ 2ψ̇θ̇ sin θ cos θ

]
= M.

7.39
2

3
mL2θ̈ +

1√
2
mgL sin θ = 0,

1

3
mL2ψ̈ = M.

7.40 m1s̈−m1

[
θ̇2 + ψ̇2 (sin θ)

2
]
s+ ks+m1g sin θ cosψ = 0,(

I1 +m1s
2
)
θ̈ + 2m1sṡθ̇ −m1s

2ψ̇2 sin θ cos θ +m1gs cos θ cosψ = 0,[
I2 +m1s

2 (sin θ)
2
]
ψ̈ + 2m1ψ̇s

[
ṡ (sin θ)

2
+ sθ̇ sin θ cos θ

]
−m1gs sin θ sinψ = Γ.
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7.41
[
Ip +m

(
L2 + 1

4R
2
) (

1 + (cosβ)
2
)

+ 2mL2 cosβ
]
ψ̈

−2m sinβ
[
L2 +

(
L2 + 1

4R
2
)

cosβ
]
β̇ψ̇ + 1

2mR
2φ̇β̇ sinβ = Γ,

m
(
L2 + 1

4R
2
)
β̈ +m sinβ

[
L2 +

(
L2 + 1

4R
2
)

cosβ
]
ψ̇2 − 1

2mR
2ψ̇φ̇ sinβ −mgL cosβ = 0.

8.5 Configuration Constraints:
L (sin θ sinψ)−H = 0
−ξ + L cos (θ) = η cos (Ωt)
L (cosψ sin θ) = η sin (Ωt)
Velocity Constraints:

L
(
θ̇ cos θ sinψ + ψ̇ cosψ sin θ

)
= 0

η̇ (cos Ωt)− ηΩ (sin Ωt) = −ξ̇ −
[
L
(
θ̇ sin θ cos2 ψ + θ̇ sin θ sin2 ψ

)]
η̇ (sin Ωt) + ηΩ (cos Ωt) = L

(
θ̇ cos θ cosψ − ψ̇ sin θ sinψ

)
8.9 (a) v̄B = Lθ̇

cos θ

sin (θ + β)
[(cosβ) ī+ (sinβ) j̄]

(b): Nonholonomic

8.11 (m1 +m2) ẍ−m2

(
R̈−Rθ̇2

)
cos θ +m2

(
Rθ̈ + 2Ṙθ̇

)
sin θ + 2k1x = λ1 sin θ,

m2

(
R̈− ẍ cos θ −Rθ̇2

)
+ k2 (R−R0)−m2g sin θ = 0

m2

(
Rθ̈ + ẍ sin θ+

)
−m2g cos θ = λ1, ẋ sin θ +Rθ̇ = 0.

8.12 mR2

{[
2
(
1 + κ2

)
+ 2 + 2 sin θ

]
θ̈ + (cos θ) θ̇2 +

5

2
[sinφ− cos (θ + φ)] φ̈

}
+2.5 (cosφ) θ̇φ̇+ sin (θ + φ) φ̇2 = RN cos θ +RF, (1 + sin θ)

mR2
[
6.25φ̈+ [1.25− 2.5 cos (θ + φ)] θ̈ + 2.5 sin (θ + φ) θ̇2

]
=

−2.5RN cosφ+ 2.5RF sinφ

8.17 {z} =
[
ψ β ψ̇ β̇

]T
, I1 = m

[
L2 + κ21 (sinβ)

2
+ κ22 (cosβ)

2
]

 I1 0 −c1
0 mκ22 1
−c1 1 0

 ψ̈

β̈
λ1

 =


−m

(
κ21 − κ22

)
ψ̇β̇ sin 2β +mκ21Ω1β̇ cosβ + Γ

1

2
m
(
κ21 − κ22

)
ψ̇2 sin 2β +mκ21Ω1ψ̇ cosβ

c2ψ̇


8.20 q1 = XC , q2 = YC , q3 = θ, ẊC sin θ − ẎC cos θ = 0(

m+
3

2
mw

)
ẌC +mL

(
θ̈ sin θ + θ̇2 cos θ

)
=
(
F̄1 + F̄2

)
· Ī + λ1 sin θ(

m+
3

2
mw

)
ŸC −mL

(
θ̈ cos θ − θ̇2 sin θ

)
=
(
F̄1 + F̄2

)
· J̄ − λ1 cos θ(

I +m1L
2 +

1

4
mwR

2

)
θ̈ +mL

(
ẌC sin θ − ŸC cos θ

)
=(

r̄A/C × F̄1 + r̄B/C × F̄2

)
· k̄

8.22

[
15

8
cos 2β + 4 cosβ +

27

8

]
ψ̈ + (sinβ) φ̈−

[
15

4
sinβ − 4 cosβ

]
ψ̇β̇ + (cosβ) β̇φ̇

=
Γ

mR2
+ (sinβ − 2 cosβ − 1)λ1[

3

4
cos 2β − sin 2β +

11

2

]
β̈ +

[
15

4
sin 2β + 4 sinβ

]
ψ̇2 − (cosβ) ψ̇φ̇

− g
R

(6 cosβ − sinβ) = − F

mR
(2 cosβ − sinβ)

φ̈+ (sinβ) ψ̈ + (cosβ) ψ̇β̇ = λ1
8.29 max(θ) = 80.73◦ when t = 1.995 s.

8.31 XG = −111.2 m, YG = −70.0 m, speed = 19.73 m/s, θ = 56.2◦ at t = 60 s.

8.33 θ passes 89◦ when t = 9.28 s.



8

8.40 mẌB +
1

2
mL

[
(cosφ) φ̈− (sinφ) φ̇2

]
= Q1

mŸB +
1

2
mL

[
φ̈ sinφ+ (cosφ) φ̇2

]
−mg = Q2

1

3
mL2φ̈+

1

2
mL (cosφ) ẌB +

1

2
mL (sinφ) ŸB −

1

2
mgL (sinφ) = Q3

with {Q} = [σ]

{
NA
NB

}
− µ [γ]

{
fA
fB

}
[σ] =

 − cosφ 1
− sinφ 0

−
(
H2 + Y 2

B

)1/2
0

 , [γ] = sgn
(
φ̇
) sinφ 0
− cosφ −1

0 0


9.1 ψ̇ =

pψ

m

(
3R2 −RL+

5

4
L2 +

I

m

)
3

2
mR̈ =

 6R− L

m

(
3R2 −RL+

5

4
L2 +

I

m

)2

 p2ψ
9.3 R = +

1

2

(
3

2

)
m1 (R− r)2 θ̇2 − m1 (R− r) θ̇px cos θ

(m1 +m2)

−1

2

p2x
(m1 +m2)

+m1g (R− r) cos θ

9.7 Both ψ and φ are ignorable

pψ =

{
mL2 (1 + cosβ)

2
+mR2

[
1

4
(sinβ)

2
+

1

2
(cosβ)

2

]}
ψ̇ +

1

2
mR2φ̇ cosβ

pφ =
1

2
mR2

(
φ̇+ ψ̇ cosβ

)
{
pψ
pφ

}
= [D]

{
ψ̇

φ̇

}
→
{
ψ̇

φ̇

}
= [D]

−1
{
pψ
pφ

}
R = (T − V )−

[
pψ pφ

]{ ψ̇

φ̇

}
= T − V −

[
pψ pφ

]
[D]
−1
{
pψ
pφ

}
9.12 M = m

[
1

3
L2 + 2

R2 (cos θ)
2

(sin θ)
4 −RL cot θ

]
θ̇ =

pθ
M

ṗθ −
p2θ

2M2

[
LR

(
cot2 θ + 1

)
− 4R2 cos θ

sin5 θ

(
1 + 2 (cos θ)

2
)]

− cos θ

(sin θ)
2

[
kR2

(
1

sin θ
− 2

)
+ 2mgR

]
+mgL sin θ = F (L−R cot θ)

Note: The angle θ mentioned in the problem statement is the same as the angle ψ in Figure P.9.12.

9.14 ψ̇ =
pψ

mR2ψ̇

[(
3

2
− 8

3π
cosψ

)]
ṗψ −

p2ψ

2mR2

(
3

2
− 8

3π
cosψ

)2

(
8

3π
sinψ

)
+

4

3π
mgR sinψ = 0

9.18 ψ̇ =
3p1
mL2

, θ̇ =
3p1

2mL2

ṗ1 = M, ṗ2 +

√
2

2
mgL sin θ = 0

9.22 mR2γ̈

(
3

2
− 8

3π
cosψ

)
+ γ̇2

(
4R

3π

)
(sinψ) +

4R

3π
mg sinψ = 0, γ̇ = ψ̇
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9.24

[
1 + sin

(
1

4
π − θ

)2
]
ψ̈ − cos (2θ) θ̇ψ̇ =

3M

mL2

1

3
θ̈ − 2

3
ψ̇2 cos (2θ) +

√
2

2
mgL sin θ = 0

9.28 I2β̈ + I1ψ̇Ω cosβ + (I2 − I1) ψ̇2 (sinβ) (cosβ) = 0(
mL2 + I1

)
ψ̈ + 2I1ψ̇β̇ (cosβ) sinβ − I2Ωβ̇ cosβ − (I1 − I2) Ωβ̇ cosβ = M

9.31 γ̇1 = Ṙ, γ̇2 = θ̇, ψ̇ =
1

r
γ̇1, φ̇ = −R

r
γ̇2

7

5

(
γ̈1 − γ̇22

)
− 2

5
RΩγ̇2 = 0

7

5
(Rγ̈2 + 2γ̇1γ̇2) +

2

5
Ωγ̇1 = 0

9.35 F
d

dx

[
w′

1 + (w′)
2

]
− µẅ − µg = 0

9.38 F

[(
∂2u

∂x2

)
− 3

2

(
∂u

∂x

)2(
∂2u

∂x2

)
−
(
∂2u

∂x2

)(
∂w

∂x

)2

−
(
∂u

∂x

)(
∂w

∂x

)(
∂2w

∂x2

)]
− µü = 0

F

[(
∂2w

∂x2

)
− 3

2

(
∂w

∂x

)2(
∂2w

∂x2

)
−
(
∂2w

∂x2

)(
∂u

∂x

)2

−
(
∂w

∂x

)(
∂u

∂x

)(
∂2u

∂x2

)]
− µẅ

−µg = 0

9.42
1

2
µL2q̈1 +

π2

2
FLq1 −

π4

8
FL

(
3

2
q1 + 12q1q

2
2

)
+

2

π
µgL2 = 0

1

2
µL2q̈2 +

π2

2
FL (4q2)− π4

8
FL

(
12q21q2 + 24q32

)
= 0


