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Abstract
In a prior work the authors proposed a variant on the Impedance Matched Multi-Axis Test (IMMAT) in which a fixture is 
defined, called the Transmission Simulator (TS), and the desired environment is matched at a set of sensors on the TS. If 
the motion of the TS is matched then the response of the rest of the component will also match, provided that the attached 
component has the same dynamics as it did when the environment was measured. Hence, one would like the TS to be flexible 
so that it reproduces the boundary conditions that the component of interest experiences during flight, but the more flexible 
the TS, the more shakers might be needed to control its response. This work presents a derivation that gives expressions 
for these two potential error sources in TS-IMMAT. Then, various case studies are presented, both on simulated and real 
hardware, to understand the importance of each error term in practical testing. The theory explains the phenomena that were 
observed when using measurements from a component that flew on a sounding rocket. The environmental response was 
measured and then various fixtures were attached, each comprising more of the next assembly, or the hardware to which the 
component was attached in flight. MIMO testing was repeated with each fixture and the results were compared to seek to 
understand the role of the impedance match in this type of testing. The results show that the number of modes that are active 
in the transmission simulator is also very important, and so the best solution balances these two considerations. An improved 
method of simulating the MIMO test is then proposed, so simulations can be used to predict what fixture, or transmission 
simulator, will give the best results in a TS-IMMAT test.
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Introduction

Response reconstruction tests aim to determine whether 
newly designed parts can survive their intended operational 
environment. Typically, these tests are performed using a 
single-axis shaker controlling to one accelerometer on the 
part of interest in a closed loop [1]. Although this meth-
odology has been standard for many years, there are a few 
challenges that require solutions. First, each axis is excited 
individually. This requires extra time and expense to perform 
the test and increased handling of the hardware which can 
increase the probability of damage occurring. However, an 
even more significant concern is that these tests ignore any 
off-axis motion; while the test may be successfully control-
ling the accelerometer in the axis of excitation, the part may 
be subjected to motion in the other directions that is much 
more severe than the operational environment, leading to 
spurious failures. Another issue in any kind of shaker testing 
is that the dynamics of the part change when the shaker is 
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attached (i.e., there is an impedance mismatch at the inter-
face), and often this causes the part to respond at the lab 
test resonances at much higher amplitudes than would be 
observed in the operational environment. This over-testing 
causes many failures to occur during shaker testing that 
would not occur during operation, and huge expense can be 
incurred in needlessly redesigning and retesting the parts.

Engineers have known since the 1970’s that the imped-
ance mismatch between the shaker test and the operational 
environment can cause severe over-testing [2], and although 
some methods exist for addressing this, they all have signifi-
cant limitations and none have been universally embraced. 
Many of the available methods are summarized in Fig. 1.

Six-degree-of-freedom (6DOF) shaker tables using 
multi–input–multi–output (MIMO) control have been built 
[3]. These impressive shakers are able to control multiple 
degrees of freedom in multiple directions simultaneously, 
addressing some of the issues outlined above with SISO test-
ing. However, the component under test is still required to be 
bolted to a massive shaker table, so it is typically difficult to 
match the impedance. Furthermore, the method loses fidel-
ity if the flexible modes of the table are in the frequency 
range of interest. Perhaps the most high fidelity approach 
is the Impedance-Matched-Multi-Axis-Testing (IMMAT) 
methodology [4]. This technique also excites the compo-
nent in all directions using MIMO control and yet rather 
than using one massive shaker table, it advocates for using 
fixturing that mimics the boundary conditions that the part 
experiences in operation. In the trials to date, this method 
has recreated dynamic environments far more accurately 
than single-axis testing [4, 5], yet it presumes that one has 
enough measurements from the component of interest in 
the operational environment to determine its modal motion. 
To perform IMMAT on the component shown in Fig. 1, one 
would need to have operational measurements on the fix-
turing as well as the component (though Schultz & Nelson 
[6] suggest some alternatives in the absence of these opera-
tional measurements). If the component was redesigned or 
otherwise changed after environmental data was recorded, 

its environment would need to be updated somehow. The 
increased fidelity of the IMMAT approach comes with 
increased complexity, introducing new problems. Acceler-
ometer locations and orientations must be decided, shaker 
voltage limits must be considered as smaller shakers are typ-
ically used in these tests, and the list goes on. While Beale 
et al. [7] investigated methods for accelerometer location 
selection, and Schultz & Avitabile [8] introduced a shape 
constrained input estimation method which helped reduce 
shaker voltage while maintaining similar response accuracy, 
the increased amount of information required for an IMMAT 
test still provides a greater barrier to entry than a traditional 
test.

In order to obtain a compromise between these 
approaches, in terms of the fidelity and the data that is 
required, the authors proposed the Transmission Simulator 
IMMAT approach (TS-IMMAT) [9], in which control is only 
applied to the fixture or transmission simulator (i.e. the part 
highlighted red in Fig. 1), and one then relies on a good 
impedance match between the operation and test environ-
ments to achieve an accurate reconstruction of the response 
on the component of interest. This work presents a deriva-
tion that identifies potential sources of error in this method 
and presents case studies where the method is applied to 
representative hardware and environment data to understand 
its advantages and limitations.

In addition to the methods presented above, many other 
studies have also discussed the limitations of the conven-
tional approach and to present alternatives. For example, 
Rohe et al. [10] explored the effect of the boundary condi-
tions when testing the BARC structure, designing custom 
fixtures to optimize the response in a MIMO test, yet they 
found that this was challenging as a seemingly optimal fix-
ture could have more modes in the test bandwidth while 
changing the stresses experienced by the part. Jankowski 
et al. [11] tested the effect of the BARC structure’s boundary 
stiffness on its power spectral density, finding no significant 
correlation between the two. Taylor explored fixture design 
in detail, designing tuned mass-dampers to reproduce the 

Fig. 1  Various methods have 
been proposed for dynamic 
environment testing, each of 
which has differing fidelity and 
knowledge of the operational 
environment

• Single Axis (SISO) 
Test

• 6 DOF Test on a Rigid
Fixture

• MIMO Transmission 
Simulator (TS) IMMAT

• MIMO IMMAT Test
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dynamics of the system near the boundary conditions [12]. 
Reyes & Avitabile [13] explored methods of customizing the 
forces imparted on a structure in order to better reproduce 
an environment. Pacini et al. [14] investigated the effect of 
shaker-structure interactions on the force output of a modal 
shaker, demonstrating that structural nonlinearities coupled 
with shaker-structure dynamic interactions caused harmonic 
distortions in this force output. Dumont et al. [15] discussed 
various methods of mounting accelerometers as well as their 
potential to affect a structure’s dynamic characteristics.

Before proceeding, it is worth mentioning two other 
approaches that are frequently used to address the impedance 
mismatch. When data on the component (green in Fig. 1) is 
available, one can set response limits, in essence telling the 
shaker system to reproduce the environment as closely as it 
can without exceeding those limits. The idea is similar in 
force limiting [2, 16], although in that case load cells are used 
between the part and the shaker and the reaction forces are 
limited. There are some advantages, as the reaction force lim-
its can be estimated using effective mass principles, although 
several practitioners have found that having load cells con-
nected between the part can be problematic; it introduces 
additional joints whose preloads are limited by the strength 
of the force gauges and hence the joints may slip and change 
the dynamics during the test. (For a comprehensive reference 
see [17] and see [18] for a case study showing the behavior of 
industrial joints at typical preloads.) Recently, Van Fossen and 
Napolitano [19] presented an alternative in which the connec-
tion forces are estimated from accelerometer measurements, 
in essence presenting a hybrid between force and response 
limiting methods. Any of these methods could prove very 
effective as long as: 1.) reasonable limits are known and 2.) 
using those limits does not degrade the accuracy of the envi-
ronment too much. Alternatively, Larsen, Schultz & Zwink 
recently proposed an alternative that seeks to replicate the 
motion at the attachment points of the structure of interest 
[20] which appears to be promising but requires many shakers 
if there are more than a small number of connection points.

Returning to the TS-IMMAT approach, prior work has sug-
gested that improving the impedance match of the transmis-
sion simulator (TS) will lead to a more accurate reconstruction 

of the operational environment for the uncontrolled component 
[21]. Additionally, [21] found that MIMO simulations based 
on frequency response functions (FRF’s) from a modal pretest 
can do a reasonable job of predicting response reconstruction 
accuracy for physical MIMO test. To investigate this further, 
this work presents tests and simulations showing the accuracy 
with which the response is reconstructed when more of the 
operational structure is included (i.e. a next-level assembly is 
used as the TS). Furthermore, to better predict the accuracy of 
a MIMO test, a condition number threshold is implemented in 
the simulations to mimic the physical controller that is used in 
test. This is a continuation of [9, 21, 22].

Theory

Consider the environment reconstruction problem shown in 
Fig. 2, where we wish to reconstruct the operational response 
on a subcomponent S in the laboratory using a set of shak-
ers. Two possibilities exist: 1.) The response on the subcom-
ponent or on a substantially similar one is measured in the 
operational environment or 2.) The response is measured near 
the subcomponent of interest. The former case is depicted in 
Fig. 2 and the latter is depicted in Fig. 3. The case depicted in 
Fig. 3 is termed the Transmission Simulator IMMAT method 
in this work. Both approaches will be discussed in the subsec-
tions that follow.

Traditional Environment Reconstruction

When measurements are available on the subcomponent S, 
then a traditional response reconstruction approach can be 
used. The essence of the process is described below.

The response of a linear system is related to the applied forces 
through the frequency response function (FRF) (or matrix of 
frequency response functions) as follows:

The subscript of � denotes that it relates the forcing at 
input locations i to the response at measurement points S, 

(1)�S(�) = �S+TS+V
S,i

(�) ⋅ �i(�)

Fig. 2  Schematic of a tradi-
tional environment response 
reconstruction problem in which 
measurements are taken on a 
subcomponent of interest (S) 
when it is connected to a vehicle 
(V). In the laboratory, we seek 
to reconstruct the measured 
operational environment at a set 
of measurement points using 
shakers
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while the superscript indicates that the frequency response 
is that of the assembly of the subcomponent, S, transmis-
sion simulator, TS, and vehicle, V. All FRFs in future 
equations will be written similarly: i.e., the subscripts 
will refer to the response and force locations, respec-
tively, while the superscripts will refer to which compo-
nent dynamics that are included in the FRF. Implicit in 
this equation is the number of forces and the locations at 
which they are applied. If the number and location of the 
forces is adequate then one can invert the FRF matrix to 
find the forces that the shakers must apply to reconstruct 
the desired environment �S(�).

Note that in the end we wish to replicate the power 
spectrum of the response �XSXS

(�) = E
(
�S(�)�S(�)

∗
)
 , 

where E() is the expected value, or average over many 
measurements, but for the derivation below it is sufficient 
to consider a single realization of the response �S(�).

In practice, the vehicle is not available for the environ-
ment reconstruction test, so the system to be inverted is 
different (i.e., it consists of the subcomponent, S, transmis-
sion simulator, TS, and shaker dynamics, Sh, or �S+TS+Sh

S,i
 ) 

but the desired response can again be obtained so long as 
the FRF matrix is well conditioned.

However, there are several well-known difficulties that 
can be encountered:

• The force required may exceed the limits of the 
shaker(s).

• The temporal / frequency characteristics of the field 
forces on the TS may be difficult to replicate with the 
lab shakers, i.e., it may be challenging to control the TS 
input motion to the subcomponent through the desired 
bandwidth.

• Given NS shakers, one can only guarantee that the 
response will be matched at NS points on the struc-

(2)�i(�) = �S+TS+V
S,i

(�)
−1�S(�)

(3)�i(�) = �S+TS+Sh
S,i

(�)
−1�S(�)

ture �S(�) , but the control can be applied in the least 
squares sense to produce the closest match that is pos-
sible with the given set of shakers.

One can minimize these issues by choosing the shaker 
locations and add or redesigning the fixturing to change the 
FRF matrix �S+TS+Sh

S,i
(�) , although the literature contains 

relatively few guidelines or case studies to help inform 
these efforts. The present work focuses on an alternative, 
known as the Transmission Simulator IMMAT method.

Environment Reconstruction with TS‑IMMAT

In order to understand the limitations of the TS-IMMAT 
method, it is helpful to elaborate on the theory that was pre-
sented in [21].

In operation, the assembly that consists of a subcompo-
nent of interest, S, connected to a vehicle, V, through a trans-
mission simulator, TS, is excited by forces �V (�) , producing 
a response on the transmission simulator, �TS(�) , which we 
wish to replicate. The forces are related to the response via 
a frequency response function �S+TS+V

TS,V
(�) . The subscript 

denotes that this FRF relates forces on the vehicle, V, to 
response on the transmission simulator, TS, and the super-
script S + TS + V suggests that the shaker, transmission simu-
lator, and vehicle dynamics are again included in this FRF.

We assume that measurements were only acquired on the 
transmission simulator, although we will also speak of the 
response, �S(�) , of the system of interest since these are the 
responses that we actually want to replicate. A MIMO test 
is used in which forces, FTS(�) , are applied to the transmis-
sion simulator, with the goal of replicating the measured 
response.

(4)�TS(�) = �S+TS+V
TS,V

(�) ⋅ �V (�)

(5)
[
�lab

S

�lab
TS

]
=

[
�S+TS+Sh

S,TS

�S+TS+Sh
TS,TS

]
���(�)

Fig. 3  Schematic of a TS-
IMMAT response recon-
struction problem in which a 
subcomponent of interest (S) 
is connected to a vehicle (V) 
through a fixture called a Trans-
mission Simulator (TS). In the 
laboratory, we seek to recon-
struct the measured operational 
environment using shakers
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Using the bottom two rows to equate �lab
TS

= �true
TS

 , we find 
the forces that the MIMO controller must apply to match the 
response on the transmission simulator.

In practice we aren’t concerned with this equation 
because the controller takes care of computing the forces to 
match the responses on the transmission simulator, but we 
can use this equation to determine whether it is possible for 
the controller to achieve an adequate match with the number 
of shakers and shaker locations that are available. The power 
spectrum of the TS response, computed using the last two 
terms in the preceding equation, provides some insight.

There could be many forces exerted on the vehicle, so 
the dimensions of the matrix �FVFV

(�) could be much larger 
than those of �XTSXTS

(�) , exciting many dynamics that can-
not be fully observed on the TS. Furthermore, many modes 
may be active in �S+TS+V

TS,V
 , adding more complexity to the 

response �XTSXTS
(�) . For the transmission simulator method 

to work, the response �XTSXTS
(�) must be spanned by its first 

NTS mode shapes. If that is the case, and if there are at least 
NTS sensors so that one can capture those modes, then the 
power spectrum �XTSXTS

(�) can be reproduced. This requires 
that we apply at least NTS forces to the system. In the studies 
in this work NTS = 6 , which means that we can only repro-
duce the response of six modes at each frequency line. In 
[21] the authors asserted that the free-free mode shapes of 
the TS could form an adequate basis for reconstructing the 
response of the TS, �TS(�).

In the above, the first term represents the sum of the NTS 
modes that we are able to control and the second term is 
the error, due to all of the modes that cannot be controlled 
because there aren’t enough shakers. There also could be 
error in the first term due to imperfection in the controller, 
especially when the controller limits the applied force by 
truncating singular values, as discussed in Sec. 5. In either 
case, one can expect that there will be error in the recon-
struction on the TS.

(6)
[
�true

S

�true
TS

]
=

[
�S+TS+V

S,V

�S+TS+V
TS,V

]
��(�)

(7)�TS(�) =

(
�S+TS+Sh

TS,TS

)−1

�S+TS+V
TS,V

�V (�)

(8)�XTSXTS
(�) = �S+TS+V

TS,V
�FVFV

(�)

(
�S+TS+V

TS,V

)∗

(9)
�TS(�) =

N
TS∑

r=1

�TS

TS

(
�TS

TS

)T
⋅ �

TS
(�)

(
�TS

r

)2
− �2 + i�2�TS

r
�TS

r

+

∞∑
r=N

TS
+1

�TS

TS

(
�TS

TS

)T
⋅ �

TS
(�)

(
�TS

r

)2
− �2 + i�2�TS

r
�TS

r

(10)�lab
TS
(�) = �true

TS
(�) + eTS

Even if the response on the TS was reconstructed per-
fectly, we still might not reproduce the response perfectly 
on the subcomponent of interest because the dynamics of 
the subcomponent can be different in the lab as compared to 
the field. For example, there may be part-to-part variations 
between the subcomponent in the field and that present in 
the true environment. Returning to Eqs. (5)-(6), we see

And substituting in the approximation for �lab
TS

 , we obtain 
the following,

which we hope will be a good approximation of the true 
response, given below.

This shows that the error in �true
S

 can arise from two 
sources: 1.) Error in reconstructing the response on the TS, 
due to the term eTS and 2.) Differences in the transmissibility 
�S+TS+V

S,V

(
�S+TS+V

TS,V

)−1

 between the assembly on the vehicle 

and that in the laboratory �S+TS+Sh

S,TS

(
�S+TS+Sh

TS,TS

)−1

 . Note that 
the first source of error depends strongly on the number of 
shakers that are available; if there are not enough shakers 
available to fully control the TS then it may be impossible 
to make the term eTS sufficiently small.

In our prior work [21], and again in the results that will 
be presented here, we have found that these two sources 
of error are important. Specifically, the results showed that 
even when the response of the TS was reconstructed quite 
well, the response of the system of interest still had signifi-
cant errors. To better understand this observation, Sec. 3 will 

present a simple case study that illustrates the problems that 
can be encountered with this method.

Reconstruction Error Metrics

In the results that follow, two error metrics were used to 
quantify the difference between the target environment and 
that achieved in the laboratory. The average dB difference 
of two ASDs for all relevant accelerometer channels at a 
frequency line is defined as follows.

(11)�lab
S

= �S+TS+Sh
S,TS

�TS = �S+TS+Sh
S,TS

(
�S+TS+Sh

TS,TS

)−1

�lab
TS

(12)�lab
S

= �S+TS+Sh
S,TS

(
�S+TS+Sh

TS,TS

)−1(
�true

TS
(�) + eTS

)

(13)�true
S

= �S+TS+V
S,V

(
�S+TS+V

TS,V

)−1

�true
TS

(�)
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For this work, SXkXk ,lab
 is the simulated or experimental 

acceleration ASD for the kth accelerometer DOF and SXkXk
 

is the operational ASD for the same DOF. After comput-
ing an error value for each frequency line, a final metric is 
computed using Eq. (15).

This final error number represents the average dB error 
across all accelerometers and frequency line. A low error 
metric communicates a successful reconstruction test and 
will be used moving forward to compare various tests.

This error metric was used to create a shaker placement 
algorithm, which is detailed in the Appendix. That was used 
to select optimal shaker locations for various tests that were 
performed in the precursor to this work [21]. While that 
method was found to be effective, over various tests it was 
found that the results were not very sensitive to the shaker 
locations so long as an acceptable set was found; in other 
words, there were many possible sets of shaker locations that 
gave similar results. Hence, to simplify the presentation in 
this work, a single set of shaker locations was used that was 
selected based on experience and engineering judgement.

Mass‑Spring System Case Study

A mass-spring model was created to mimic the dynamics 
that are experienced in practice, while keeping the system 
as simple as possible, and is shown in Fig. 4. The sub-
component of interest is mass 1 and it is connected to the 

(14)

eASD
(
fi
)
=

√√√√ 1

naccels

naccels∑
k=1

[
dB[SXkXk

(
fi
)
] − dB[SXkXk ,lab

(
fi
)
]
]2

(15)eASD =

√√√√ 1

nfreq

nfreq∑
i=1

eASD
(
fi
)2

transmission simulator, masses 2 through 5, which are con-
nected by relatively stiff springs so that the TS has relatively 
few modes that are active at lower frequencies. Four masses 
were selected for the TS so that it would have two modes that 
mimic its rigid body behavior as well as two elastic modes 
to exercise the TS-IMMAT method. The vehicle is com-
prised of masses 6 through 9, and their connecting springs 
are chosen to be about twenty times less stiff, to approximate 
a realistic case in which the vehicle has many modes in the 
frequency range of interest. The parameters used were: m1 = 
0.5, m2 = 1.1, m3 = 1.15, m4 = 1.08, m5 = 1.03, m6 = 1.2, m7 
= 1.3, m8 = 1.22, m9 = 1.28 kg, and for the subcomponent 
k13 = 5.2, k14 = 5.2, transmission simulator k23 = 20, k34 = 
20, k45 = 20, k26 = 20, k59 = 20, and vehicle k67 = 1.1, k78 = 
0.95, k89 = 1.02, k6 = 0.8, k9 = 0.84 N/m. These parameters 
do not necessarily represent the mass and stiffness of the 
system studied later. They are merely meant to represent a 
case study where the transmission simulator is much stiffer 
than the vehicle, as is the case in the next section.

The response in the operational environment was created 
by applying a force with unit magnitude at each frequency 
line to DOF 6 and DOF 9 as illustrated in Fig. 4. This is the 
response that we wish to reconstruct. Then, a new assembly 
was created consisting only of the TS and subcomponent, as 
is the case for our experimental work.

Two case studies will be considered, summarized 
in Table 1. In each case study, an attempt was made to 

Fig. 4  Mass-spring system 
representing a vehicle (V), 
transmission simulator (TS), 
and subcomponent (S). This 
corresponds to the actual 
operating configuration of the 
system

Table 1  Descriptions of the two case studies with DOF referenced 
from Fig. 5

Label Control DOF Forcing 
Input 
DOF

Case Study 1 3, 4 3, 4
Case Study 2 2, 5 3, 4
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reconstruct the environment response using only the assem-
bly consisting of the TS and subcomponent.

Figure 6 shows the response of all DOF on the TS and 
subcomponent for Case Study 1. In this figure, “Lab” rep-
resents the attempted reconstruction using the system in 
Fig. 5 and “Environment” represents the response of the 
full assembly in Fig. 4. As expected with two forcing inputs 
controlling to two DOF, the interface DOF (3 and 4) are 
reconstructed perfectly. Because the subcomponent (DOF 
1) is connected only to these two DOF, we obtain near 
perfect reconstruction of the response on the subcompo-
nent (DOF 1). Interestingly, the response of DOF 2 and 5 
is accurate below 1.5 rad/s but becomes highly inaccurate 
above that frequency.

The errors in DOF 2 and 5 above 1.5  rad/s can be 
explained if one considers the modes of the system. The 
assemblies have the natural frequencies shown in Table 2. 
In the full assembly, the motion of the TS is well approx-
imated with two modes: 1.) rigid body bounce and 2.) 
asymmetric rotation (which has the appearance of a rigid 
body rotation mode but involves flexure of the springs 
because the masses are not free to rotate). Using Eq. (9), 
the transmission simulator response can be reconstructed 
as a linear combination of its modes. Because two forc-
ing inputs are used in the case study, NTS = 2 , so the first 
two modes of the transmission simulator should be per-
fectly reconstructed. Therefore, the full, physical response 
of the transmission simulator DOF (2 through 5) should 

Fig. 5  Mass spring system 
representative of an experi-
mental setup that only includes 
a TS and subcomponent. This 
corresponds to the configuration 
tested in the laboratory

Fig. 6  Response of subcomponent and TS for Case Study 1
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be accurate in the frequency range where these first two 
modes are dominant in the environment response. In con-
trast, the modal forces for the uncontrolled modes may be 
completely different from the environment, depending on 
the location where the control forces are applied.

In Fig. 7, the black boxes represent the initial positions of 
each mass and the red boxes show the relative displacements 
of each mass when the system moves in the mode of inter-
est. At 3.75 Hz, the TS experiences its first bending mode, 
as shown in Fig. 7a. At this frequency, this motion causes 
the response at DOF 2 and 5 to deviate even if DOF 3 and 
4 match the desired environment perfectly. In other words, 
the error term eTS in Eq. (10) becomes large. Looking again 
at the responses in Fig. 6, the motion corresponding to this 
mode seems to have a shoulder that extends below 2 rad/s, 
and hence this mode seems to be responsible for the loss of 
accuracy that was observed above 1.5 rad/s. Note that this 
same TS bending mode exists for the S + TS assembly (in 
Fig. 5) but there it occurs at 4.5 Hz, as shown in Fig. 7b and 
listed in Tab. 2.

In Case Study 2, DOF 2 and 5 are controlled with forc-
ing inputs at DOF 3 and 4. This case is representative of the 

tests presented in the next section where the control DOF 
are not precisely at the interface and the forcing inputs do 
not completely control the locations where the transmission 
simulator connects to the next level assembly. The results 
from this case study are presented in Fig. 8, and show that, 
while the two shakers are able to reconstruct the response 
perfectly at DOF 2 and 5, once again the response at the 
other two DOF (DOF 3 and 4 in this case) is highly inaccu-
rate above 1.5 rad/s. Furthermore, because those DOF con-
nect to DOF 1, the response of DOF 1 also loses accuracy 
above 1.5 rad/s.

Experimental Case Study

To further evaluate the TS-IMMAT methodology, it was 
tested on the system shown in Fig. 9. The photo shows the 
most complicated subsystem considered. The actual flight 
configuration consisted of the assembly shown with data 
acquisition systems bolted onto the bulkhead plate, and the 
whole assembly was bolted to a fiberglass tube and into the 
sounding rocket. In a previous work [21] reconstruction tests 
were performed using assemblies with the same plate (TS) 
and stool (subcomponent); however, these assemblies did 
not include the pillars or the bottom bulkhead. The accel-
erometers are positioned in a cylindrical coordinate system, 
and the directions referenced throughout the rest of this 
analysis are specified in Fig. 9.

This assembly flew inside a sounding rocket flown for 
Kansas City National Security Campus in July 2019. The 
assembly was instrumented with three triaxial acceler-
ometers on the plate and three triaxial accelerometers on 
the stool. During flight, the rocket experienced four main 
phases: boost, coast, deployment of the drogue parachute, 
and deployment of the main parachute. The operational 

Table 2  Natural frequencies (rad/s) of the assemblies in Figs. 4 and 5

Assembly 
/ Nat. Freq

S + TS + V (Fig. 4) S + TS (Fig. 5)

�1 0.39 Rigid Bounce on k6 and k9 0.00 Rigid Body

�2 1.07 Veh.  1st Bending + TS 
Bounce

3.41 TS Assym

�3 1.49 Veh.  2nd Bending 4.51 TS  1st Bending
�4 2.42 Veh.  1st Bending + TS Rot 6.46 Coupled
�5 3.75 TS  1st Bending 8.11 TS  2nd Bending
�6 5.28 Subcomponent Bounce n/a

Fig. 7  Mode Shapes of the (a) S + TS + V system and (b) S + TS system
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environment power spectral density (PSD) profiles were 
constructed from acceleration time data from 0.5 to 20 s 
after launch. This time frame captures the boost and coast 
phase while excluding any shock event at ignition along with 
the deployment of the parachutes.

The frequency spacing of the PSD profiles generated 
was 5 Hz, and the testing bandwidth of interest was 100 to 
4000 Hz. Unfortunately, the data from the first accelerometer 

in the radial direction (channel 1) only recorded noise during 
flight. Thus, there are eight channels on the plate and nine 
channels on the stool that recorded useful data.

Three assemblies will be considered in the following 
analysis, and the test setups for each assembly are shown 
in Fig. 10. For each configuration, the goal is to reconstruct 
the environment on the plate using six small shakers using 
MIMO control. To assess the success of a TS-IMMAT test 
for each configuration, the accuracy of response on the con-
trolled plate and on the uncontrolled stool will be compared. 
Our prior work [21] presented TS-IMMAT reconstruction 
tests on Configurations A and B; this work will focus on 
comparing those with Configuration C. Furthermore, the 
results will be evaluated in light of the theory presented in 
Sec. 2.

Roving Hammer FRF’s

To be able to simulate a MIMO test, the frequency response 
functions, e.g., in Eq. (8), are needed. These were obtained 
by performing a modal roving hammer test on each con-
figuration. For each configuration, the structure was excited 
at various locations and the response was measured. Data 

Fig. 8  Response of subcomponent and TS for Case Study 2

Fig. 9  The instrumented next-level assembly
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Physics Abacus hardware and SignalCalc 730 software 
recorded the FRF’s in the bandwidth of 0 to 4000 Hz with 
a frequency resolution of 5 Hz to match the environmen-
tal acceleration profiles. While these FRF’s could be used 
to select an optimal set of shaker locations, we used the 
locations shown in Fig. 10 to maintain consistency between 
setups. Thus, the MIMO tests were simulated using the por-
tions of the FRF corresponding to the chosen shaker loca-
tions, and these results are shown later to demonstrate the 
accuracy of the simulations. It’s worth noting that this FRF 
does not account for the dynamics of the shakers that are 
attached to the device under test. Thus, the roving hammer 
FRF is an approximation of the MIMO test FRF, and some 
error is expected in the simulation predictions. Though not 
implemented here, shaker dynamics can be included in test 
simulations via dynamic substructuring, as Mayes [23] and 
Schultz [24] have shown.

Experimental Methodology

The workflow for performing a TS-IMMAT reconstruction 
test is as follows. The measured FRFs are used to simu-
late the MIMO test using Eq. (8). To compare test results 
between different configurations more accurately, similar 
sets of shaker locations were used on each configuration. 
The simulated test results are discussed later, to give an idea 
of how accurate these simulations are.

Then, to perform the actual MIMO test, shakers were 
attached at the desired locations. Three SIEMENS Q-MSH 
electromagnetic (EM) inertial shakers were used to excite 
the assembly in the launch direction. These three shakers 
were attached directly to the structure using super glue. In 
the off-launch directions, two Modal Shop EM shakers and 
one LDS EM shaker were connected to the assembly via 
stingers made of piano wire which were also attached with 
super glue. For each configuration, the Modal Shop shak-
ers excited the structure radially, and the LDS shakers were 
attached to an angle block to excite torsion in the structure. 

In Configuration A, the shakers were attached to the plate. In 
Configuration B, the shakers were attached to the interface 
plate, and in Configuration C, all shakers were attached to 
the bottom bulkhead.

To perform the MIMO test, Data Physics Abacus hard-
ware and Data Physics SignalStar Matrix controller software 
were used. Per requirements of the TS-IMMAT approach, 
the closed-loop MIMO software only controlled to the accel-
erometers on the plate. Because one accelerometer channel 
recorded noisy data during flight and another channel started 
to record poor measurements in the laboratory, only seven 
accelerometer channels were controlled to. The control pro-
files were the PSD matrices constructed from the flight data 
as described earlier. The remaining 9 accelerometer channels 
on the stool were not controlled to, but they were measured.

MIMO Test Results

Figure 11 presents the auto-spectral densities (ASD’s) for 
the accelerometer channels on the controlled plate. The 
black line is the operational environment profile that is being 
controlled to, and the cyan line is the response recorded dur-
ing the reconstruction test. Additionally, for each channel, 
the dB error computed using Eq. (15) is provided in each 
subplot’s title.

The reconstruction on the plate was fairly accurate 
throughout the testing bandwidth, having an error of only 
7.2 dB. While we presume that one would not have meas-
urements on the component of interest in practice, we had 
accelerometers on the stool so we could evaluate the per-
formance of the proposed TS-IMMAT approach. Figure 12 
illustrates the measured ASD’s of the accelerometer chan-
nels on the stool (cyan) with the environment profiles gener-
ated from the flight data (black).

Unsurprisingly, the error in reconstructing the stool 
response is higher than the error in the reconstructing the 
plate response. Up to 500 Hz, the error is relatively low, but 
it increases significantly at higher frequencies, presumably 

Fig. 10  The three assemblies tested are Configuration A with the stool and plate, Configuration B with the stool, plate, and IFP, and Configura-
tion C with the stool, plate, IFP, pillars, and bulkhead
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due to a larger number of active elastic modes. Thus, the 
total error in the bandwidth is a higher 12.8 dB. It is interest-
ing to compare these results to those obtained on Configura-
tions A and B. Table 3 compares the error metric obtained 
in each of these configurations from 100 to 2000 Hz and 
100 to 4000 Hz. Each of these tests was performed with a 

condition number threshold of 0.01 to reduce the voltage 
levels required for each shaker. An in depth discussion of the 
condition number threshold is given later in this paper. It is 
worth noting that all configurations give very similar results 
in the 100–2000 Hz frequency band, and there are only a few 
differences for the 100–4000 Hz range.

Fig. 11  Reconstruction ASDs of the controlled accelerometers on the plate (cyan) along with the control ASDs (black) for Configuration C

Fig. 12  Measured ASDs of the uncontrolled accelerometers on the stool (cyan) along with the environment ASDs (black) for Configuration C
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Discussion

First consider the controllability of each assembly. The 
control was applied only to the plate accelerometers, and 
the controller was able to match their responses very accu-
rately in all cases except for Configuration C at higher 
frequencies. The composite frequency response of each 
configuration is shown in Fig. 13, which shows that Con-
figurations A and B have far fewer active modes than Con-
figuration C, explaining this differerence. However, the far 
more flexible transmission simulator in Configuration C 
only significantly affects the results above 2000 Hz.

The previous testing of Configuration A and Configu-
ration B suggested that using more of the original opera-
tional structure would improve the response accuracy for 
the controlled transmission simulator (plate) and for the 
uncontrolled subcomponent (stool). Those results had been 
obtained using different sets of shaker locations on the 
two configurations and potentially different settings in the 
control that limited the effectiveness of the shakers. When 
these issues were corrected, it is possible to obtain very 

good control on the plate for all configurations as seen 
here. In the results above, the accuracy on the stool was 
similar for all configurations. This suggests that none of 
these configurations improves the transmissibility of the 
plate’s response to the stool enough to overcome the errors 
in reconstructing the plate (or TS) response. Hence the 
error term eTS in Eq. (12) seems to be much more signifi-
cant than error due to noise or limitations of the controller 
The errors at the control accelerometers are quite low, as 
shown in Fig. 11. This might suggest that eTS is also low, 
but that is only true if enough control accelerometers are 
available to ensure that all active modes in the TS are 
accurately captured. This does not seem to be the case. In 
Fig. 12 the response on the stool only tracks the desired 
environment to 500 Hz or so, so beyond that point we 
expect that the modes of the TS are active enough to intro-
duce significant errors in the stool.

Only six shakers are available, so at most six modes can 
be controlled at each frequency line. As shown in Fig. 13, 
the assembly has many more modes as more of the next 
assembly is added. However, the modes considered in 
Fig. 13 are those of the entire assembly. If one considers 
only the transmission simulator, then a simple finite element 
model that was constructed as part of this work places the 
first flexible mode for Configurations A and B at around 
3300 Hz and 2700 Hz respectively. For Configuration C, the 
pillars and bottom bulkhead are quite flexible which drops 
the first flexible mode of the TS down to 900 Hz. Therefore, 
Configuration C is not controllable for a much larger portion 
of the total bandwidth compared to the other two configura-
tions. This, perhaps, explains the large error term in Eq. (9) 
for Configuration C relative to the lower errors observed for 
Configurations A and B.

Another important factor to consider in deciding how 
much of a part’s attached structure should be included in a 
test is the capabilities of the shakers. Since IMMAT tests use 
smaller shakers that have lower voltage limits, it is common 
for these limits to be exceeded, preventing a test from run-
ning. As mentioned previously, a condition number thresh-
old of 0.01 was used for the previous tests because some 
of the shakers’ voltage limits would have been exceeded in 
testing configuration C without the threshold. As seen in 
Table 4, the required shaker voltage increases when more 
of the attached structure is included in a test. This is not 
surprising given that including more of the assembly makes 
the structure heavier, requiring greater shaker force.

It is worth discussing the effect of shaker locations on the 
reconstruction error. The shakers were placed at the loca-
tions used in these tests to avoid some common problems in 
IMMAT tests. One is when two shakers are placed opposing 
each other, resulting in higher required shaker voltage and 
poorer reconstruction. The locations previously used largely 

Table 3  Error in experimental reconstruction for three assemblies 
tested

Assembly Error from 100–2000 Hz 
(dB)

Error from 100-
4000 Hz (dB)

Plate Stool Plate Stool

Configuration A 2.5 10.1 3.1 11.2
Configuration B 2.0 11.2 2.9 14.3
Configuration C 3.4 11.3 7.2 12.8

Fig. 13  Composite of the Frequency Response Functions measured 
on each of the configurations: (yellow) Configuration A, (red) Con-
figuration B, (blue) Configuration C
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avoided this problem as no shakers directly opposed any oth-
ers. Another problem is failing to excite the device under test 
in any of the rigid body degrees of freedom, and the set of 
shaker locations we used avoids this problem as well, excit-
ing in the radial, spin, and launch directions.

One area of uncertainty, though, was where to place 
the shakers on configuration C. As shown in Fig. 10, we 
attached the shakers to the bottom bulkhead plate in the 
previous tests, assuming that this would most accurately 
match the in-flight load path and yield the most accurate 
reconstruction. It is possible that there are modes excited 
in the test, such as the second fixed-plate mode shown in 
Fig. 14, wherein the bottom bulkhead plate and columns 
deform significantly while the stool does not, though. This 
mode was obtained by fixing the nodes at the locations 
of the accelerometers on the plate in a simple FEM of 
configuration C, and it should represent how the structure 
deforms when plate accelerometers are controlled to in a 

test. It seems possible, therefore, that the stool response 
would be more accurately reconstructed by attaching the 
shakers to the interface plate instead, as by doing so, the 
shakers would not have to control these fixed plate modes.

To test this theory, a physical test was performed with 
the shakers attached to the interface plate on configuration 
C as shown in Fig. 15. The shakers were placed roughly at 
the same locations as the previous test on configuration B. 
Shorter stingers were used in this test, but we have found 
that our shakers can control the axial stinger modes well, 
so stinger length should not affect the reconstruction error 
in this case. All other test settings were kept the same, and 
a condition number threshold of 0.01 was implemented on 
the FRF matrix.

The results in Table 5 show that similar dB errors were 
obtained whether the control was on the bulkhead plate 
or interface plate. In this comparison the impedance of 
both configuration is nearly the same, differing only due to 
the added mass and stiffness that the shakers add. Hence, 
the primary difference is potentially in the controllability, 
although both setups have the same number of shakers in 
the same orientations. Considering that the reconstruction 
accuracy remains about the same for both sets of shaker 
locations, it seems that neither improves the controllability 

Table 4  Average Shaker RMS Voltage in Tests Performed on Each 
Configuration

Assembly Average Shaker RMS Voltage (V)

100–2000 Hz 100–4000 Hz

Configuration A 0.072 0.083
Configuration B 0.105 0.156
Configuration C 0.236 0.281

Fig. 14.  2nd Fixed Plate Mode of Configuration C, 451 Hz

Fig. 15  Test Setup on Configuration C with Shakers Attached to 
Interface Plate

Table 5  RMS dB Error on Configuration C when Shakers are 
attached to Bulkhead Plate and Interface Plate

Shaker Locations Error from 100–
2000 Hz (dB)

Error from 100-
4000 Hz (dB)

Plate Stool Plate Stool

Bulkhead Plate 3.4 11.3 7.2 12.8
Interface Plate 4.8 13.0 7.9 14.2
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of the system dramatically, although one might expect that 
having the shakers closer to the control accelerometers 
would improve controllability. It doesn’t seem that recon-
struction accuracy is very sensitive to changes in shaker 
locations, provided that the shakers are placed to minimize 
interactions between them and to excite the structure in all 
rigid body degrees of freedom.

Configuration B2 – Test with Small Error Term 
in Eq. (9)

This hypothesis was further tested by repeating the test on 
Configuration B while using only three shakers to seek to 
control all of the modes in the launch direction, as shown 
in Fig. 16. In this direction the first mode of the transmis-
sion simulator occurs above 2500 Hz, and the first mode of 
the assembly in the launch direction is also above 2500 Hz. 
Hence, according to the theory presented earlier, one would 
expect to be able to achieve excellent control of the transmis-
sion simulator in the launch direction, and that the system of 
interest (the stool) should also achieve the desired response.

The results, presented in Fig. 17, confirm this hypothesis. 
Up to 500 Hz, the errors in the launch direction are 0.8 and 
2.7 dB RMS on the plate and stool respectively. Thus, the 
three Q-source shakers reproduce the environment on the 
plate and stool very accurately at low frequencies. At higher 
frequencies, the plate response is reconstructed well, but there 
is significant error near 600 Hz in the stool response, which 
in the vicinity of the first bending mode of the assembly. The 
results slowly degrade above this frequency, and by 2000 Hz, 
the error grows noticeably as we approach the first axial mode 
of the plate. The three available shakers are insufficient to 
control the four modes (three rigid body and one elastic) that 
are active at this frequency. While there is error at higher fre-
quencies, the reconstruction is quite accurate at low frequen-
cies where rigid body motion dominates, demonstrating that 
the transmission simulator theory holds true.

Fig. 16  Photo of test setup for Configuration B-2 with three shakers 
in the launch direction and all others removed

Fig. 17  Response of the stool on plate system in the launch direction, with Plate accelerometers (CH3, CH6 and CH9) and Stool accelerometers 
(CH10, CH13 and CH16)
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Configuration A‑2 – Test with Small Transmissibility 
Mismatch in Eqs. (12) and (13)

As mentioned earlier, the second source of error in a TS-
IMMAT test is the mismatch in transmissibility (or imped-
ance mismatch) between the lab and true environment. To 
test the importance of this transmissibility term in Eqs. 
(12) and (13), a simple experimental study from [11] is 
revisited. Configuration A from Fig. 10 was suspended in 
the laboratory using a bungee cord suspension system. The 
plate was then struck randomly for 10 s, and time histories 
from the accelerometers were recorded during these 10 s 
of excitation. These time histories were then used to con-
struct ASDs and CSDs that served as the new operational 
environment profile. Controlling to this new environment 
profile, a MIMO test of the same system under the same 
free-free boundary conditions was performed. Because 
the system (subcomponent plus TS) exactly matches that 
which will be used during MIMO control, except for any 
change in the impedance due to attaching the shakers, the 
transmissibility should be nearly identical in Eqs. (12) and 
(13). In contrast, the error term due to controlling up to 12 
modes with 6 shakers, could remain as large as it was in 
the other case studies. A set of shaker locations was cho-
sen to minimize plate response error for the new test pro-
file, and a MIMO test controlling to 7 accelerometers on 
the plate was then performed, i.e. the TS-IMMAT method 
because the stool accelerometers were not included in the 
control. Rather than showing all of the individual spectra, 
Fig. 18 presents the average of the measured ASDs (i.e. 
the trace of the CSD matrix) of the controlled accelerom-
eters on the transmission simulator (left) and the sum of 

the measured ASDs of the uncontrolled accelerometers on 
the subcomponent (right).

The results from Configuration A-2 show excellent 
agreement between the desired environment and the recon-
struction. Using the metric provided in Sec. 2.3, the error 
from 100 to 5000 Hz on the plate and the stool is 5.9 dB 
and 8.3 dB respectively. The errors are dominated by sev-
eral single-frequency-line deviations at high frequencies, 
but these are attributed to noise in the data acquisition and 
control systems, because this environment was at a much 
lower amplitude and hence near the noise floor of the sys-
tems. Nevertheless, if this is ignored then the results are 
outstanding in this case study on both the transmission 
simulator and the object of interest. This suggests that the 
transmissibility, which is influenced by the boundary con-
ditions in test, is extremely important. Unfortunately, in 
most cases of interest one does not have the entire vehicle 
to test and so the impedance is not likely to match as well 
as it does in this case study.

Simulations with Condition Number 
Threshold

The case studies have highlighted how challenging envi-
ronment reconstruction can be, with the results being sen-
sitive to the boundary conditions, shaker locations, etc.… 
While there are still no simple metrics that can predict 
the success of a MIMO test, one can readily simulate a 
MIMO test using the equations presented in Sec. 2.2 and 
frequency response functions measured in a roving ham-
mer test. This was done in a precursor to this work to find 

Fig. 18  Measured ASDs of the plate (left) and the stool (right) from Configuration A-2, the case study where there is a near perfect impedance 
match between lab and the true environment
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optimal shaker locations [21]. However, those simulations 
in initially predicted errors in the control accelerometers 
that were much lower than what was actually observed in 
experiment. The Data Physics control software used in this 
work is known to implement a condition number threshold 
when inverting the frequency response function matrix to 
limit the forces that must be exerted by the shakers. Thus, 
this section will explore how to implement a condition 
number in simulation and compare simulated results with 
and without a condition number threshold.

Condition Number Threshold Implementation

A condition number threshold is traditionally used when 
inverting ill-conditioned matrices to limit the magnitude of 
elements in the inverse. In the MIMO simulation theory, an 
inversion only takes place in Eq. (3) when solving for the 
forces and hence SFF,est(�) . In the simulations used in this 
work, the following procedure is used to compute the pseu-
doinverse of the desired FRF, which is denoted HXF(�) in 
the following, in order to represent a general FRF between 
force and response. (In the shaker systems this is typically an 
FRF between shaker voltage and the acceleration at the control 
accelerometers.) First, the FRF, HXF(�) , is decomposed using 
the singular value decomposition (SVD). In this derivation, it 
is assumed there are n outputs and d inputs where d < n.

Here, � is a matrix containing the singular values of the 
decomposition as shown in Eq. (17).

As a property of the SVD, the singular values are ordered 
by magnitude with the largest singular value being �1 . Next, 
we define our condition number, ci , for each singular value as 
follows.

With a threshold value defined, cth , the index k is found by 
satisfying the condition below.

Then, a truncated k rank approximation of the pseudoin-
verse FRF is computed using the following.

(16)HXF(�) = U�VT

(17)� =

⎡⎢⎢⎣

�1 0 0

0 . 0

0 0 �d
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Simulation Results with Condition Number 
Threshold

In order to see whether the MIMO tests could be predicted 
using simulations, each physical experiment presented in 
Table 3 was repeated in simulation with the threshold and 
without the threshold. A condition number threshold of 0.05 
was used in simulation and experimental results. Table 6 
presents the errors for each configuration in the format of 
Simulation without Threshold / Simulation with Threshold / 
Physical Experiment.

For all three configurations, the errors on the plate and 
stool are much more similar between the physical test and 
simulation when a condition number threshold of 0.05 is 
implemented. The simulations seem to do a reasonable job 
of predicting the success of a MIMO test, although there is 
some error in the predictions because the roving hammer 
FRF does not account for the shaker’s dynamics.

The threshold affects the accuracy of the simulation by 
changing the input forces applied to the system. In Eq. (20) 
one can see that small values of �i can dramatically increase 
the magnitude of H+

XF
(�) . If a large magnitude H+

XF
(�) is 

then used when computing the forces, the magnitude of the 
forcing input, SFF,est(�) , will also increase. In the experi-
ments presented in this work, the control software was often 
unable to perform the desired test if the condition threshold 
was too low, because the forces needed were beyond the 
limits of the shakers. This case study shows that condition 
number thresholds can have a significant effect on a MIMO 
test and should be used in simulation if they will be used in 
the actual test.

Conclusions

This paper investigated the influence of impedance on the 
ability to reconstruct a random vibration environment for a 
component by controlling to accelerometers only on a trans-
mission simulator that the component is attached to. A deri-
vation showed that error in reconstructing an environment 
using the Transmission Simulator IMMAT method comes 
from two sources: 1.) a limit in the number of modal degrees 

Table 6  Reconstruction accuracy error for the three configurations 
tested (Simulation without Threshold / Simulation with Threshold / 
Physical Experiment)

Assembly Plate Error 100–
5000 Hz (dB)

Stool Error 
100–5000 Hz 
(dB)

Configuration A 2.7 / 4.7 / 7.7 19.2 / 18.4 / 16.3
Configuration B 3.2 / 7.7 / 7.5 20.9 / 17.2 / 12.1
Configuration C 2.9 / 10.4 / 9.3 28.4 / 13.5 / 12.5
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of freedom of the TS that can be controlled due to a limited 
number of shakers, 2.) differences in the transmissibility of 
the tested assembly between the laboratory and the actual 
environment of interest. The latter affects how errors at the 
control accelerometers propagate to other places of inter-
est on the structure. Several case studies were presented to 
explore the relative importance of these sources.

The results suggest a few interesting conclusions. First, 
Configuration A-2 showed that, if the impedance can be 
matched very closely between test and the true environment, 
that one can obtain very accurate results with relatively little 
difficulty. However, when even the best configuration avail-
able is quite far from the true flight boundary condition (e.g. 
Configuration C), then it seems to be much more important 
to limit the number of modes active in the transmission sim-
ulator for a fixed set of shakers rather than to try to match the 
flight boundary condition a little more closely. Specifically, 
while Configuration C included more of the vehicle, and 
presumably a closer match in impedance or transmissibility, 
worse results were obtained when using that Configuration 
as compared to Configurations A and B, presumably because 
those configurations had far fewer active modes. The mass-
spring case studies clearly illustrated cases where the trans-
mission simulator could be controlled at low frequencies, 
because the number of modes active was less than or equal 
to the number of shakers. At higher frequencies the shakers 
could not reproduce the environment precisely, and so they 
matched it at a few points on the structure and this might 
lead to significant errors at other points depending on the 
transmissibility of the system.

Lastly, to improve upon the ability of simulations to pre-
dict the results of an actual MIMO tests, a condition num-
ber threshold was implemented. This approach decreased 
the magnitude of the inverted FRF thereby also limiting the 
amplitude of the forcing input, similar to what is done in real 
MIMO tests. Comparing the error metrics between simula-
tion and physical test, the simulations with the threshold 
implementation were consistently more predictive of the 
physical test.

Appendix: Shaker Selection Algorithm

Prior to performing any test, it is helpful to have a means 
of ensuring that the shaker locations used are adequate. The 
theory just presented shows how the spectra obtained in a 
MIMO test are related to the FRFs of the system of interest. 
Those FRFs can be created from a finite element model or 
measured experimentally; in this work we take the latter 
approach as detailed later.

The iterative shaker placement algorithm from [26] was 
adapted to find the shakers locations used in this work. 
First, the average dB difference of two ASDs for all relevant 

accelerometer channels at a frequency line is computed using 
Eq. (14). After computing an error value for each frequency 
line, a final metric is computed using Eq. (15). This final error 
number represents the average dB error across all accelerom-
eters and frequency line. A low error metric communicates 
a successful reconstruction test and will be used moving for-
ward to compare various tests. With the error metric defined, 
the shaker location algorithm used in this work is as follows:

1) Start with a pool of all possible forcing input locations 
from the roving hammer test of the component

2) Simulate the MIMO response for each forcing input 
location in the remaining pool (controlling to the eight 
plate accelerometers)

3) Identify the forcing input location that produces the low-
est error on the controlled DOF (plate accelerometers). 
Add that input location to the set of chosen forcing loca-
tions and remove from the pool of possible locations.

4) Repeat steps 2–4 with the kept forcing input location/s 
from the previous iterations plus each candidate loca-
tion and again keep the best candidate location until the 
number of desired shakers is reached.

The optimization was terminated once it determined the six 
best shaker locations. The error metric in Eq. (15) was also used 
in the results that follow to provide a measure of how success-
ful a particular test was in recreating the desired environment.
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