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A B S T R A C T
Bolted joints are a significant source of damping and nonlinearity in built up structures. In the
micro-slip regime (i.e. when the bolts do not slip completely) the log of the damping tends
to increase linearly with the log of the vibration amplitude, the so-called power-law behavior.
The natural frequency also tends to decrease slightly with vibration amplitude. While many
works have successfully tuned phenomenological models to capture these behaviors, very few
have sought to predict this behavior and none has predicted the nonlinearity in a bolted joint
and validated the predictions with measurements over a range of bolt preloads and vibration
amplitudes. This work presents a step towards such a prediction, using a detailed finite element
model of a structure, including the preload forces in the bolts and Coulomb friction in the contact,
to seek to predict the nonlinear damping and stiffness of the structure and how they vary with
preload. The structure studied consists of two beams bolted together at their free ends, the so-
called S4 Beam. While the contact interfaces were machined to be nominally flat, the micron-
scale curvature in the contact interface is included in the model, approximated in two different
ways, to seek to understand what fidelity is needed at the contact interface to successfully capture
its dynamic behavior. The recently presented Quasi-Static Modal Analysis (QSMA) method is
employed, where the amplitude dependent damping and natural frequency can be predicted from
a single quasi-static simulation, avoiding the expense of numerical integration. The predicted
damping and natural frequency are compared with measurements at various preloads, showing
reasonable agreement if a Coulomb friction coefficient of 0.2 is used for all simulations. The
simulations also revealed that, while the micron-scale curvature of the interfaces was important,
the results were not very sensitive to how it was approximated.
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1. Introduction

For several decades, joints have been known to be a major source of damping [1], nonlinearity and uncertainty in
structural dynamics. While many studies have sought to predict the behavior of joints, and some commercial software
packages give the impression that this can be readily done, no study has ever presented a thorough prediction of the
behavior of an actual joint and validated it with measurements. This challenge is relevant to many structures including
blade-disk assemblies [2], [3], automotive brakes [4], bridges [5] and engines [6, 7]. Finite element modeling of
structures has improved dramatically over the past few decades, and for monolithic structures one can accurately predict
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their dynamic behavior and the resulting dynamic loads and/or stresses in a dynamic environment. However, almost all
systems of practical interest contain joints such as bolts, rivets or welds. In the aerospace industry, the CAD geometry
is typically simplified quite extensively (e.g. solids are replaced with shells, the actual geometry of joints is discarded
and replaced with spiders and an approximate model such as a spring, dashpot, or a more advanced nonlinear element).
Experimental measurements are then needed to validate or calibrate these elements and there is typically no attempt
made at predicting the damping due to friction in the joints. Furthermore, joints often introduce nonlinearities into
structures because of slip in the frictional contact at the interfaces. As the result, they are often sources of complicated
phenomena such as of energy dissipation, stiffness loss, wear, modal coupling, response at higher harmonics, and
even chaos [8, 9, 10, 11, 12]. While these effects certainly can be important, many aerospace structures have been
successfully modeled as linear or quasi-linear. A quasi-linear system is a nonlinear system that is well approximated
with a linear model in which properties such as the effective natural frequencies and damping ratios of some modes
change with vibration amplitude [13, 12, 14].

It is important to be able to predict the effective stiffness and energy dissipation in a structure due to its joints.
In many cases, the energy dissipated in the joints helps to reduce vibration amplitudes, and hence decreases stresses
in a structure. In one study is was shown that the joints were responsible for 90 percent of the total system damping
[15] and others have confirmed their importance [3, 10, 16, 17]. If one could more accurately estimate the energy
dissipation due to the joints, one could leverage this to create more lightweight and efficient structures.

The interfaces between structures can exhibit many complicated and poorly understood phenomena, such as con-
tact, friction, adhesion [18], [19], plastic flow and damage [20] and wear [9], and these can occur at a length scale that
are several orders of magnitude smaller than that of the structure as a whole [21]. Even if one ignores many of those
complications (as we shall do in this work) and considers only the mechanics of contact and stick/slip at the interface,
the resulting models are still typically too expensive to simulate dynamically using numerical integration. To address
this, Festjens et al. [22] proposed a method that decomposes the structure into two regions: a linear domain away from
the joint, and a nonlinear domain near the joint, and then neglects the inertial term as the joint is assumed to behave
quasi-statically. They then assumed that the structure would vibrate in a single mode of vibration and enforced the
modal motion of the linear domain as a boundary condition on the joint region and were able to iterate to solve for the
quasi-static response of the structure and from that they derived the effective natural frequency and damping ratio of
the mode in question as a function of vibration amplitude. A variant on this method was developed concurrently by
Allen et al. [23], who treated the entire structure and simply applied a static load that would excite only one mode of
the linear structure and hence avoided iterating between the linear and nonlinear submodels. They dubbed their method
"Quasi-Static Modal Analysis" or "QSMA" and successfully applied it to predict the response of reduced models where
the joints were modeled as discrete Iwan elements [24]. They showed that QSMA was capable of giving very accurate
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estimates of the amplitude-dependent modal damping and natural frequency in a tiny fraction of the time required by
dynamic analysis. As the result, several researchers have been able to use QSMA to efficiently to tune reduced mod-
els to reproduce the nonlinear damping and nonlinear stiffness observed in experiments [24, 25, 26, 27, 28]. While
these studies are encouraging, none addressed predictive modeling where the joint geometry, bolt preload force, and
interface friction law are specified and used to predict the joint behavior from first principles.

In an effort to address this, Jewell et al. [29] applied QSMA to detailed FE models of a few structures with joints.
They studied the mesh and solver settings needed to obtain acceptable predictions of the stiffness and damping of
the joints, and presented the first comparison between simulation and experiment of the quasi-linear frequency and
damping of the S4 Beam, a benchmark structure with two joints that was first studied by Singh et al. [30]. However,
the study in [29] found that, to obtain agreement between the simulation and the experiments, the bolt preload had to
be increased to twice the expected ultimate strength of the bolts. This suggested that more accurate modeling of the
contact pressure in the joint was required. Brink et. al. [31] studied an S4 Beam with more carefully machined surfaces
and modeled the contact in detail and verified their predictions using static pressure film in both the simulations and
experiments. They successfully predicted the shift in the linear (i.e. low amplitude) resonance frequencies of the
structure as the preload was increased. Following their lead, Wall et. al. [32] revisited the S4 Beam studied by Jewell
et al. and showed that, while an FEA model with a flat interface (i.e. the nominal geometry) was not able to predict
the linear natural frequencies, if the surface topology was included in the model then they could predict the shift in the
linear natural frequencies versus preload.

This work builds on those efforts, seeking to understand the extent to which a finite element model can capture the
linear and nonlinear behavior of the first six modes of the S4 Beam under a variety of bolt preloads. In doing so, we
explore the fidelity with which imperfections in the interface topology must be captured in the model, and compare
FEA predictions with measurements of both the linear natural frequencies and the quasi-linear natural frequency and
damping versus amplitude of the two modes that exhibit the most nonlinearity. In previous studies the preload was
found to be important and difficult to estimate from the bolt torque, so in the experiments shown here the preload in
both bolts was measured with nominally identical load washers. The actual topology of the contact surfaces was mea-
sured using a coordinate measuring machine (CMM) and was smoothed using a locally weighted scatterplot smoothing
method (Lowess) from Matlab® and then applied to a high fidelity Abaqus model. This was compared to a simpler
approach, in which the surfaces were approximated with spheres and the radius of curvature is chosen to approximate
the measured topology. In both cases, while the surface topology deviated from a perfectly flat surface by only about
four to six microns (0.15 to 0.25 thousandths of an inch), those deviations caused clearly measurable changes to the
linear natural frequencies. The experimental measurements presented here are also new, reflecting the latest experi-
mental setup with two load washers and they were checked carefully against prior results to ensure that the vibration
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amplitude was accurately reported and consistent between the measurements and the finite element models.
The comparisons reported here focus on two quantities. First, the linear natural frequencies of the first six modes

predicted by the FE models are compared to measurements when very small inputs are applied to the structure. These
linear natural frequencies are found to be sensitive to the preload, and so measurements are acquired at various preloads
up to a level that approaches the ultimate strength of the bolts. This comparison informs the degree to which one can
hope to use FEA to predict the natural frequencies of a structure with bolted interfaces. Second, the effective natural
frequency and damping of two modes that exhibited the strongest nonlinearity were measured using high amplitude
impacts and the results are compared to QSMA predictions from the FEM. If these quantities match, then one can be
assured that the FEM can accurately reproduce the transient behavior of the beam at a range of forcing amplitudes.

The remainder of the paper is organized as follows: first the theory underlying QSMA is reviewed in Sec. 2 as well
as the approach used by Abaqus to model frictional contact. The new experiments are summarized in Sec. 3, with the
measurements and smoothing of the surface topology explained in Sec. 3.1 and 3.2 and the new dynamic measurements
in Sec. 3.3. Finally, the comparison between the experiments and finite element predictions is presented in Section. 4.

2. Theoretical Background

2.1. Overview of QSMA

The quasi-static modal analysis method implemented in this paper is similar to one in [29, 33, 34], which is reviewed
briefly here. The equation of motion of a structure with a joint is written as

Mẍ + Cẋ + Kx + f𝐽 (x,𝜽) = f𝑒𝑥𝑡(𝑡) (1)

where M is the mass matrix, C is the damping matrix, and K is the stiffness matrix of the system, and x, ẋ and ẍ are the
displacement, velocity, and acceleration vectors, respectively. The internal nonlinear force due to joints is represented
by f𝐽 and 𝜽 is a vector containing the state of sliders (e.g. a Boolean to indicate whether each is currently stuck or
sliding, if stuck the position at which each is stuck, etc...).

The first step is to preload the structure and solve a nonlinear quasi-static problem to obtain the preloaded state.
In what follows we presume that this has already been done and that the displacements, x, are displacements relative
to the preloaded state. Then, at low amplitudes the joints can be treated as stuck and replaced with springs to create a
matrix of joint stiffnesses, K𝑇 = df𝐽

d𝑥 |𝑥=0. The mass-normalized mode shape, 𝝋𝑟, of mode 𝑟 can then be estimated by
solving an eigenvalue problem,

([K + K𝑇 ] − 𝜆𝑟M)𝝋𝑟 = 0 (2)
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where 𝜆𝑟 is the corresponding eigenvalue, which defines the natural frequency 𝜔𝑟 =
√

𝜆𝑟. For the structures of
interest, typically C = 0 and material damping is used to define the damping ratio 𝜁𝑟 of each mode. In this paper C = 0

and the FE models report results without any material damping; material damping is removed from all experimental
measurements so the only dissipation present should be from friction in the joints.

If we wish to understand the effect of friction on the 𝑟th mode of the structure, we apply a static force f𝑒𝑥𝑡 = M𝝋𝑟.
Doing so, only the mode 𝑟 of system would respond if the structure were linear. This force is distributed over the
structure and the resulting quasi-static nonlinear problem (to be solved by Abaqus) is

Kx + f𝐽 (x, 𝜃) = M𝝋𝑟𝛼max (3)

where 𝛼 is a scalar which sets the strength of the load. Eq. 3 is then solved in a FEA package to obtain x(𝛼) for 𝑁𝛼

linearly spaced steps in the range 0 > 𝛼 ≥ 𝛼max. The obtained results are mapped into the modal response of 𝑟th
mode 𝑞𝑟(𝛼) = 𝝋T

𝑟 Mx(𝛼) and the modal force can be calculated as 𝝋T
𝑟 M𝝋𝑟𝛼 = 𝛼. As the result, x(𝛼) and 𝛼 define

the backbone part of the hysteresis curve of the system. Masing’s rule can then be applied to find the loading and
unloading parts of the hysteresis curve [22, 29]. The instantaneous natural frequency of the mode is then calculated
using the secant of the hysteresis curve

𝜔𝑟 =
√

𝛼
𝑞𝑟(𝛼)

(4)

Moreover, the area under the hysteresis curve, 𝐷(𝛼), is used to find the energy dissipation 𝐷(𝛼), and the effective
damping ratio is calculated as

𝜁𝑟 =
𝐷(𝛼)

2𝜋(𝑞𝑟(𝛼)𝜔𝑟(𝛼))2
(5)

The QSMA procedure was performed in Abaqus by implementing a three-step analysis, first the preload was applied
on the model to bring the surfaces to contact, then the linear modal analysis was performed to obtain mode shapes and
natural frequencies of the system. Please note that for the linear modal analysis, Abaqus considers the nodes that are in
contact to be tied together. Finally the nonlinear quasi-static step is implemented where Abaqus solves the nonlinear
equation explained in Eq. 3. An overview on this implementation is explained here, however, for more detail please
refer to [29].

In implementing the steps described above, the dissipated energy was calculated using the trapezoidal rule on
the force-displacement curve. The procedure was typically applied to the first five samples of the force-displacement
curve, using Eq. 4 and Eq. 5 to compute the effective frequency and damping at that displacement amplitude. The
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process was then repeated for the first six points and so on until all 𝑁𝛼 points on the loading curve had been used.
Typically 𝑁𝛼 = 50 in the results reported here. As a result, the damping ratio and natural frequency are found as a
function of displacement amplitude 𝑞𝑟(𝛼). In order to report the results in physical units, the peak modal displacement
for each load step was calculated by multiplying the modal displacement by the mode shape at the point where the
deflection is largest. The peak displacement was then used to estimate the peak velocity by assuming that the response
is quasi-linear so that 𝑣𝑝𝑒𝑎𝑘 = 𝑥𝑝𝑒𝑎𝑘𝜔𝑟

√

1 − 𝜁2𝑟 .

2.2. Solving the Nonlinear Contact Problem in Abaqus

In this paper, the S4 beam is modeled in Abaqus/Standard [35]. Abaqus/Standard provides several contact formula-
tions, which depend on the contact discretization and tracking approaches chosen by user. In all cases presented in this
paper the "finite-sliding" tracking approach was chosen, as no speedup was observed if "small-sliding" was employed
instead, and the latter approach becomes inaccurate if the slip is too large.

Moreover, Abaqus/standard simulates contact conditions by applying the constraints at various locations based on
the discretization method chosen for the problem. There are two main discretization methods for the contact surfaces
in Abaqus: the Node-to-Surface (N-S) and the Surface-to-Surface (S-S) methods. In the N-S method, each slave node
interacts with a point of projection on the “master” surface. The penetrations of slave nodes into the master surface are
simply resisted resulting in spikes and valleys in the stress/pressure distribution. However, in S-S method the contact
conditions are enforced in an average sense over regions including nearby slave nodes. In this method, each contact
constraint considers a finite region of the slave surface. Therefore, although some penetration may be observed at some
nodes, large penetration of the master nodes into the slave surface is prevented. The S-S method was employed in this
work; the other approaches were not attempted.

In order to enforce contact and friction, the penalty method was used in this paper in both the normal and tangential
directions. The penalty method in the tangential direction was explored and discussed in some detail in [29]. To explain
the concept briefly, consider the normal direction. It is typically extremely difficult for the solver to find a solution in
which the nodes of the two contacting surfaces have precisely the same displacement (or zero relative displacement).
Hence, the penetration is defined as the relative displacement of the two surfaces, 𝑝(𝑢) in Fig. 1 and used to drive
the solution towards the desired solution in which the penetration is zero. If the penetration is negative then no force
is applied between the nodes, whereas if it is positive then the solver applies a force to the penetrating node that is
proportional to the penetration. The constant of proportionality is the contact stiffness. In Abaqus, the representative
underlying element stiffness is chosen as the default initial penalty stiffness [35], and one could increase it to obtain
a solution that is closer to a Lagrange contact simulation. One the other hand, rough surfaces have a finite contact
stiffness that arises due to deformation of the asperities at the surface. This can be measured [36, 37] and used to
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calculate a penalty stiffness that is physically meaningful. However, the surfaces of the S4 Beam that are studied in
this work are highly polished and so it didn’t seem prudent to reduce the penalty stiffness. In this paper, Abaqus’s
default setting is used in order to drive the solution towards a Lagrange solution; in a subset of the simulations this was
increased by as much as 50 times and found to have a negligible effect.

p(u)
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<latexit sha1_base64="Wa6unNZgPvMYg/wxxw8rXYrHmN8=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFNwIglSwF2iHkkkzbWwmGZKMUIa+gxsXirj1fdz5NqbtLLT1h8DHf84h5/xhIrixnveNCiura+sbxc3S1vbO7l55/6BpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY6up/XWE9OGK/lgxwkLYjKQPOKUWGc1765ue0naK1e8qjcTXgY/hwrkqvfKX92+omnMpKWCGNPxvcQGGdGWU8EmpW5qWELoiAxYx6EkMTNBNtt2gk+c08eR0u5Ji2fu74mMxMaM49B1xsQOzWJtav5X66Q2ugwyLpPUMknnH0WpwFbh6em4zzWjVowdEKq52xXTIdGEWhdQyYXgL568DM2zqu/4/rxS8/I4inAEx3AKPlxADW6gDg2g8AjP8ApvSKEX9I4+5q0FlM8cwh+hzx8Xpo6+</latexit><latexit sha1_base64="Wa6unNZgPvMYg/wxxw8rXYrHmN8=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFNwIglSwF2iHkkkzbWwmGZKMUIa+gxsXirj1fdz5NqbtLLT1h8DHf84h5/xhIrixnveNCiura+sbxc3S1vbO7l55/6BpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY6up/XWE9OGK/lgxwkLYjKQPOKUWGc1765ue0naK1e8qjcTXgY/hwrkqvfKX92+omnMpKWCGNPxvcQGGdGWU8EmpW5qWELoiAxYx6EkMTNBNtt2gk+c08eR0u5Ji2fu74mMxMaM49B1xsQOzWJtav5X66Q2ugwyLpPUMknnH0WpwFbh6em4zzWjVowdEKq52xXTIdGEWhdQyYXgL568DM2zqu/4/rxS8/I4inAEx3AKPlxADW6gDg2g8AjP8ApvSKEX9I4+5q0FlM8cwh+hzx8Xpo6+</latexit><latexit sha1_base64="Wa6unNZgPvMYg/wxxw8rXYrHmN8=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFNwIglSwF2iHkkkzbWwmGZKMUIa+gxsXirj1fdz5NqbtLLT1h8DHf84h5/xhIrixnveNCiura+sbxc3S1vbO7l55/6BpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY6up/XWE9OGK/lgxwkLYjKQPOKUWGc1765ue0naK1e8qjcTXgY/hwrkqvfKX92+omnMpKWCGNPxvcQGGdGWU8EmpW5qWELoiAxYx6EkMTNBNtt2gk+c08eR0u5Ji2fu74mMxMaM49B1xsQOzWJtav5X66Q2ugwyLpPUMknnH0WpwFbh6em4zzWjVowdEKq52xXTIdGEWhdQyYXgL568DM2zqu/4/rxS8/I4inAEx3AKPlxADW6gDg2g8AjP8ApvSKEX9I4+5q0FlM8cwh+hzx8Xpo6+</latexit><latexit sha1_base64="Wa6unNZgPvMYg/wxxw8rXYrHmN8=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFNwIglSwF2iHkkkzbWwmGZKMUIa+gxsXirj1fdz5NqbtLLT1h8DHf84h5/xhIrixnveNCiura+sbxc3S1vbO7l55/6BpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY6up/XWE9OGK/lgxwkLYjKQPOKUWGc1765ue0naK1e8qjcTXgY/hwrkqvfKX92+omnMpKWCGNPxvcQGGdGWU8EmpW5qWELoiAxYx6EkMTNBNtt2gk+c08eR0u5Ji2fu74mMxMaM49B1xsQOzWJtav5X66Q2ugwyLpPUMknnH0WpwFbh6em4zzWjVowdEKq52xXTIdGEWhdQyYXgL568DM2zqu/4/rxS8/I4inAEx3AKPlxADW6gDg2g8AjP8ApvSKEX9I4+5q0FlM8cwh+hzx8Xpo6+</latexit>

Kp
<latexit sha1_base64="AGxM87hT3NppQ48SedyzLDKvPjg=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY8CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhj0vG+ntLa+sblV3q7s7O7tH7iHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWuvhrp/23apX8+Yiq+AXUIVCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdi4rG3AT5fNUpObPOgESJtk8hmbu/J3IaGzOJQ9sZUxyZ5drM/K/WzTC6DnKh0gy5YouPokwSTMjsbjIQmjOUEwuUaWF3JWxENWVo06nYEPzlk1ehdVHzLd9fVuteEUcZTuAUzsGHK6jDLTSgCQyG8Ayv8OZI58V5dz4WrSWnmDmGP3I+fwAhNo2g</latexit><latexit sha1_base64="AGxM87hT3NppQ48SedyzLDKvPjg=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY8CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhj0vG+ntLa+sblV3q7s7O7tH7iHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWuvhrp/23apX8+Yiq+AXUIVCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdi4rG3AT5fNUpObPOgESJtk8hmbu/J3IaGzOJQ9sZUxyZ5drM/K/WzTC6DnKh0gy5YouPokwSTMjsbjIQmjOUEwuUaWF3JWxENWVo06nYEPzlk1ehdVHzLd9fVuteEUcZTuAUzsGHK6jDLTSgCQyG8Ayv8OZI58V5dz4WrSWnmDmGP3I+fwAhNo2g</latexit><latexit sha1_base64="AGxM87hT3NppQ48SedyzLDKvPjg=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY8CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhj0vG+ntLa+sblV3q7s7O7tH7iHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWuvhrp/23apX8+Yiq+AXUIVCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdi4rG3AT5fNUpObPOgESJtk8hmbu/J3IaGzOJQ9sZUxyZ5drM/K/WzTC6DnKh0gy5YouPokwSTMjsbjIQmjOUEwuUaWF3JWxENWVo06nYEPzlk1ehdVHzLd9fVuteEUcZTuAUzsGHK6jDLTSgCQyG8Ayv8OZI58V5dz4WrSWnmDmGP3I+fwAhNo2g</latexit><latexit sha1_base64="AGxM87hT3NppQ48SedyzLDKvPjg=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY8CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhj0vG+ntLa+sblV3q7s7O7tH7iHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWuvhrp/23apX8+Yiq+AXUIVCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdi4rG3AT5fNUpObPOgESJtk8hmbu/J3IaGzOJQ9sZUxyZ5drM/K/WzTC6DnKh0gy5YouPokwSTMjsbjIQmjOUEwuUaWF3JWxENWVo06nYEPzlk1ehdVHzLd9fVuteEUcZTuAUzsGHK6jDLTSgCQyG8Ayv8OZI58V5dz4WrSWnmDmGP3I+fwAhNo2g</latexit>

H
<latexit sha1_base64="fCDHIbwOSP7QbqN8CZ8+0aQLYtQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbqbh5HES7gEq7BgxrUoQFNaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx+YEYy6</latexit><latexit sha1_base64="fCDHIbwOSP7QbqN8CZ8+0aQLYtQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbqbh5HES7gEq7BgxrUoQFNaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx+YEYy6</latexit><latexit sha1_base64="fCDHIbwOSP7QbqN8CZ8+0aQLYtQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbqbh5HES7gEq7BgxrUoQFNaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx+YEYy6</latexit><latexit sha1_base64="fCDHIbwOSP7QbqN8CZ8+0aQLYtQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbqbh5HES7gEq7BgxrUoQFNaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx+YEYy6</latexit>

l
<latexit sha1_base64="I45JSTQVqAHdFi/HkKa95O9gBSs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqyUG1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noNsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LrutZwizjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AHOoYze</latexit><latexit sha1_base64="I45JSTQVqAHdFi/HkKa95O9gBSs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqyUG1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noNsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LrutZwizjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AHOoYze</latexit><latexit sha1_base64="I45JSTQVqAHdFi/HkKa95O9gBSs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqyUG1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noNsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LrutZwizjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AHOoYze</latexit><latexit sha1_base64="I45JSTQVqAHdFi/HkKa95O9gBSs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqyUG1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noNsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LrutZwizjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AHOoYze</latexit>

u
<latexit sha1_base64="wvbp1kzcIMbvVbkMTjZ5cQoykDE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYq5UNqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuXWda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPcRYzn</latexit><latexit sha1_base64="wvbp1kzcIMbvVbkMTjZ5cQoykDE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYq5UNqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuXWda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPcRYzn</latexit><latexit sha1_base64="wvbp1kzcIMbvVbkMTjZ5cQoykDE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYq5UNqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuXWda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPcRYzn</latexit><latexit sha1_base64="wvbp1kzcIMbvVbkMTjZ5cQoykDE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYq5UNqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuXWda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPcRYzn</latexit>

mg
<latexit sha1_base64="+hHlnRtXj8moT2CAM70pUEOVIEI=">AAAB6XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHKrYW2qVk02wbmmSXZFYoS/+BFw+KePUfefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G45tZ/fGJGysS/YCTlIeKDrWIBaPorHs17Fdrft2fi6xCUEANCjX71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx1qqrgN8/mmU3LmnAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMr8Nc6DRDrtnioziTBBMyO5sMhOEM5cQBZUa4XQkbUUMZunAqLoRg+eRVaF/UA8d3l7WGX8RRhhM4hXMI4AoacAtNaAGDGJ7hFd68sffivXsfi9aSV8wcwx95nz+RoY1Q</latexit><latexit sha1_base64="+hHlnRtXj8moT2CAM70pUEOVIEI=">AAAB6XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHKrYW2qVk02wbmmSXZFYoS/+BFw+KePUfefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G45tZ/fGJGysS/YCTlIeKDrWIBaPorHs17Fdrft2fi6xCUEANCjX71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx1qqrgN8/mmU3LmnAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMr8Nc6DRDrtnioziTBBMyO5sMhOEM5cQBZUa4XQkbUUMZunAqLoRg+eRVaF/UA8d3l7WGX8RRhhM4hXMI4AoacAtNaAGDGJ7hFd68sffivXsfi9aSV8wcwx95nz+RoY1Q</latexit><latexit sha1_base64="+hHlnRtXj8moT2CAM70pUEOVIEI=">AAAB6XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHKrYW2qVk02wbmmSXZFYoS/+BFw+KePUfefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G45tZ/fGJGysS/YCTlIeKDrWIBaPorHs17Fdrft2fi6xCUEANCjX71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx1qqrgN8/mmU3LmnAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMr8Nc6DRDrtnioziTBBMyO5sMhOEM5cQBZUa4XQkbUUMZunAqLoRg+eRVaF/UA8d3l7WGX8RRhhM4hXMI4AoacAtNaAGDGJ7hFd68sffivXsfi9aSV8wcwx95nz+RoY1Q</latexit><latexit sha1_base64="+hHlnRtXj8moT2CAM70pUEOVIEI=">AAAB6XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHKrYW2qVk02wbmmSXZFYoS/+BFw+KePUfefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G45tZ/fGJGysS/YCTlIeKDrWIBaPorHs17Fdrft2fi6xCUEANCjX71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx1qqrgN8/mmU3LmnAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMr8Nc6DRDrtnioziTBBMyO5sMhOEM5cQBZUa4XQkbUUMZunAqLoRg+eRVaF/UA8d3l7WGX8RRhhM4hXMI4AoacAtNaAGDGJ7hFd68sffivXsfi9aSV8wcwx95nz+RoY1Q</latexit>

m
<latexit sha1_base64="6v+26yCRoiQb7E/7xS2kF7BqWC0=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHFuwHtEvJprNtbJJdkqxQSn+BFw+KePUnefPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aZkk0wybLBGJ7kTUoOAKm5ZbgZ1UI5WRwHY0vpvX20+oDU/Ug52kGEo6VDzmjFpnNWS/XPGr/kJkHYIcKpCr3i9/9QYJyyQqywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrUFGJJpwuFp2RC+cMSJxo95QlC/f3xJRKYyYycp2S2pFZrc3N/2rdzMa34ZSrNLOo2PKjOBPEJmR+NRlwjcyKiQPKNHe7EjaimjLrsim5EILVk9ehdVUNHDeuKzU/j6MIZ3AOlxDADdTgHurQBAYIz/AKb96j9+K9ex/L1oKXz5zCH3mfP9AljN8=</latexit><latexit sha1_base64="6v+26yCRoiQb7E/7xS2kF7BqWC0=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHFuwHtEvJprNtbJJdkqxQSn+BFw+KePUnefPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aZkk0wybLBGJ7kTUoOAKm5ZbgZ1UI5WRwHY0vpvX20+oDU/Ug52kGEo6VDzmjFpnNWS/XPGr/kJkHYIcKpCr3i9/9QYJyyQqywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrUFGJJpwuFp2RC+cMSJxo95QlC/f3xJRKYyYycp2S2pFZrc3N/2rdzMa34ZSrNLOo2PKjOBPEJmR+NRlwjcyKiQPKNHe7EjaimjLrsim5EILVk9ehdVUNHDeuKzU/j6MIZ3AOlxDADdTgHurQBAYIz/AKb96j9+K9ex/L1oKXz5zCH3mfP9AljN8=</latexit><latexit sha1_base64="6v+26yCRoiQb7E/7xS2kF7BqWC0=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHFuwHtEvJprNtbJJdkqxQSn+BFw+KePUnefPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aZkk0wybLBGJ7kTUoOAKm5ZbgZ1UI5WRwHY0vpvX20+oDU/Ug52kGEo6VDzmjFpnNWS/XPGr/kJkHYIcKpCr3i9/9QYJyyQqywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrUFGJJpwuFp2RC+cMSJxo95QlC/f3xJRKYyYycp2S2pFZrc3N/2rdzMa34ZSrNLOo2PKjOBPEJmR+NRlwjcyKiQPKNHe7EjaimjLrsim5EILVk9ehdVUNHDeuKzU/j6MIZ3AOlxDADdTgHurQBAYIz/AKb96j9+K9ex/L1oKXz5zCH3mfP9AljN8=</latexit><latexit sha1_base64="6v+26yCRoiQb7E/7xS2kF7BqWC0=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHFuwHtEvJprNtbJJdkqxQSn+BFw+KePUnefPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aZkk0wybLBGJ7kTUoOAKm5ZbgZ1UI5WRwHY0vpvX20+oDU/Ug52kGEo6VDzmjFpnNWS/XPGr/kJkHYIcKpCr3i9/9QYJyyQqywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrUFGJJpwuFp2RC+cMSJxo95QlC/f3xJRKYyYycp2S2pFZrc3N/2rdzMa34ZSrNLOo2PKjOBPEJmR+NRlwjcyKiQPKNHe7EjaimjLrsim5EILVk9ehdVUNHDeuKzU/j6MIZ3AOlxDADdTgHurQBAYIz/AKb96j9+K9ex/L1oKXz5zCH3mfP9AljN8=</latexit>

F
<latexit sha1_base64="vmT5ZwDghP7VcAeqEIfVtLWQF2s=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxIIjHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucJleaxfDDTBP2IjiQPOaPGWs27QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlQmMuA==</latexit><latexit sha1_base64="vmT5ZwDghP7VcAeqEIfVtLWQF2s=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxIIjHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucJleaxfDDTBP2IjiQPOaPGWs27QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlQmMuA==</latexit><latexit sha1_base64="vmT5ZwDghP7VcAeqEIfVtLWQF2s=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxIIjHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucJleaxfDDTBP2IjiQPOaPGWs27QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlQmMuA==</latexit><latexit sha1_base64="vmT5ZwDghP7VcAeqEIfVtLWQF2s=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxIIjHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucJleaxfDDTBP2IjiQPOaPGWs27QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlQmMuA==</latexit>

K
<latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit><latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit><latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit><latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit>

(a) (b)

(a) Spring-mass system

p(u)
<latexit sha1_base64="XHhmeYwy+uMH+vhcPI8VK+4bCRc=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKDLghuXFewF2qFk0kwbmmSGJCOUoa/gxoUibn0hd76NmXYW2vpD4OM/55Bz/jAR3FjP+0aljc2t7Z3ybmVv/+DwqHp80jFxqilr01jEuhcSwwRXrG25FayXaEZkKFg3nN7l9e4T04bH6tHOEhZIMlY84pTY3Erq6eWwWvMa3kJ4HfwCalCoNax+DUYxTSVTlgpiTN/3EhtkRFtOBZtXBqlhCaFTMmZ9h4pIZoJssescXzhnhKNYu6csXri/JzIijZnJ0HVKYidmtZab/9X6qY1ug4yrJLVM0eVHUSqwjXF+OB5xzagVMweEau52xXRCNKHWxVNxIfirJ69D56rhO364rjW9Io4ynME51MGHG2jCPbSgDRQm8Ayv8IYkekHv6GPZWkLFzCn8Efr8AXGujcY=</latexit><latexit sha1_base64="XHhmeYwy+uMH+vhcPI8VK+4bCRc=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKDLghuXFewF2qFk0kwbmmSGJCOUoa/gxoUibn0hd76NmXYW2vpD4OM/55Bz/jAR3FjP+0aljc2t7Z3ybmVv/+DwqHp80jFxqilr01jEuhcSwwRXrG25FayXaEZkKFg3nN7l9e4T04bH6tHOEhZIMlY84pTY3Erq6eWwWvMa3kJ4HfwCalCoNax+DUYxTSVTlgpiTN/3EhtkRFtOBZtXBqlhCaFTMmZ9h4pIZoJssescXzhnhKNYu6csXri/JzIijZnJ0HVKYidmtZab/9X6qY1ug4yrJLVM0eVHUSqwjXF+OB5xzagVMweEau52xXRCNKHWxVNxIfirJ69D56rhO364rjW9Io4ynME51MGHG2jCPbSgDRQm8Ayv8IYkekHv6GPZWkLFzCn8Efr8AXGujcY=</latexit><latexit sha1_base64="XHhmeYwy+uMH+vhcPI8VK+4bCRc=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKDLghuXFewF2qFk0kwbmmSGJCOUoa/gxoUibn0hd76NmXYW2vpD4OM/55Bz/jAR3FjP+0aljc2t7Z3ybmVv/+DwqHp80jFxqilr01jEuhcSwwRXrG25FayXaEZkKFg3nN7l9e4T04bH6tHOEhZIMlY84pTY3Erq6eWwWvMa3kJ4HfwCalCoNax+DUYxTSVTlgpiTN/3EhtkRFtOBZtXBqlhCaFTMmZ9h4pIZoJssescXzhnhKNYu6csXri/JzIijZnJ0HVKYidmtZab/9X6qY1ug4yrJLVM0eVHUSqwjXF+OB5xzagVMweEau52xXRCNKHWxVNxIfirJ69D56rhO364rjW9Io4ynME51MGHG2jCPbSgDRQm8Ayv8IYkekHv6GPZWkLFzCn8Efr8AXGujcY=</latexit><latexit sha1_base64="XHhmeYwy+uMH+vhcPI8VK+4bCRc=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKDLghuXFewF2qFk0kwbmmSGJCOUoa/gxoUibn0hd76NmXYW2vpD4OM/55Bz/jAR3FjP+0aljc2t7Z3ybmVv/+DwqHp80jFxqilr01jEuhcSwwRXrG25FayXaEZkKFg3nN7l9e4T04bH6tHOEhZIMlY84pTY3Erq6eWwWvMa3kJ4HfwCalCoNax+DUYxTSVTlgpiTN/3EhtkRFtOBZtXBqlhCaFTMmZ9h4pIZoJssescXzhnhKNYu6csXri/JzIijZnJ0HVKYidmtZab/9X6qY1ug4yrJLVM0eVHUSqwjXF+OB5xzagVMweEau52xXRCNKHWxVNxIfirJ69D56rhO364rjW9Io4ynME51MGHG2jCPbSgDRQm8Ayv8IYkekHv6GPZWkLFzCn8Efr8AXGujcY=</latexit>

K
<latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit><latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit><latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit><latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit>

N = Kpu
<latexit sha1_base64="Wa6unNZgPvMYg/wxxw8rXYrHmN8=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFNwIglSwF2iHkkkzbWwmGZKMUIa+gxsXirj1fdz5NqbtLLT1h8DHf84h5/xhIrixnveNCiura+sbxc3S1vbO7l55/6BpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY6up/XWE9OGK/lgxwkLYjKQPOKUWGc1765ue0naK1e8qjcTXgY/hwrkqvfKX92+omnMpKWCGNPxvcQGGdGWU8EmpW5qWELoiAxYx6EkMTNBNtt2gk+c08eR0u5Ji2fu74mMxMaM49B1xsQOzWJtav5X66Q2ugwyLpPUMknnH0WpwFbh6em4zzWjVowdEKq52xXTIdGEWhdQyYXgL568DM2zqu/4/rxS8/I4inAEx3AKPlxADW6gDg2g8AjP8ApvSKEX9I4+5q0FlM8cwh+hzx8Xpo6+</latexit><latexit sha1_base64="Wa6unNZgPvMYg/wxxw8rXYrHmN8=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFNwIglSwF2iHkkkzbWwmGZKMUIa+gxsXirj1fdz5NqbtLLT1h8DHf84h5/xhIrixnveNCiura+sbxc3S1vbO7l55/6BpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY6up/XWE9OGK/lgxwkLYjKQPOKUWGc1765ue0naK1e8qjcTXgY/hwrkqvfKX92+omnMpKWCGNPxvcQGGdGWU8EmpW5qWELoiAxYx6EkMTNBNtt2gk+c08eR0u5Ji2fu74mMxMaM49B1xsQOzWJtav5X66Q2ugwyLpPUMknnH0WpwFbh6em4zzWjVowdEKq52xXTIdGEWhdQyYXgL568DM2zqu/4/rxS8/I4inAEx3AKPlxADW6gDg2g8AjP8ApvSKEX9I4+5q0FlM8cwh+hzx8Xpo6+</latexit><latexit sha1_base64="Wa6unNZgPvMYg/wxxw8rXYrHmN8=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFNwIglSwF2iHkkkzbWwmGZKMUIa+gxsXirj1fdz5NqbtLLT1h8DHf84h5/xhIrixnveNCiura+sbxc3S1vbO7l55/6BpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY6up/XWE9OGK/lgxwkLYjKQPOKUWGc1765ue0naK1e8qjcTXgY/hwrkqvfKX92+omnMpKWCGNPxvcQGGdGWU8EmpW5qWELoiAxYx6EkMTNBNtt2gk+c08eR0u5Ji2fu74mMxMaM49B1xsQOzWJtav5X66Q2ugwyLpPUMknnH0WpwFbh6em4zzWjVowdEKq52xXTIdGEWhdQyYXgL568DM2zqu/4/rxS8/I4inAEx3AKPlxADW6gDg2g8AjP8ApvSKEX9I4+5q0FlM8cwh+hzx8Xpo6+</latexit><latexit sha1_base64="Wa6unNZgPvMYg/wxxw8rXYrHmN8=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFNwIglSwF2iHkkkzbWwmGZKMUIa+gxsXirj1fdz5NqbtLLT1h8DHf84h5/xhIrixnveNCiura+sbxc3S1vbO7l55/6BpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY6up/XWE9OGK/lgxwkLYjKQPOKUWGc1765ue0naK1e8qjcTXgY/hwrkqvfKX92+omnMpKWCGNPxvcQGGdGWU8EmpW5qWELoiAxYx6EkMTNBNtt2gk+c08eR0u5Ji2fu74mMxMaM49B1xsQOzWJtav5X66Q2ugwyLpPUMknnH0WpwFbh6em4zzWjVowdEKq52xXTIdGEWhdQyYXgL568DM2zqu/4/rxS8/I4inAEx3AKPlxADW6gDg2g8AjP8ApvSKEX9I4+5q0FlM8cwh+hzx8Xpo6+</latexit>

Kp
<latexit sha1_base64="AGxM87hT3NppQ48SedyzLDKvPjg=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY8CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhj0vG+ntLa+sblV3q7s7O7tH7iHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWuvhrp/23apX8+Yiq+AXUIVCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdi4rG3AT5fNUpObPOgESJtk8hmbu/J3IaGzOJQ9sZUxyZ5drM/K/WzTC6DnKh0gy5YouPokwSTMjsbjIQmjOUEwuUaWF3JWxENWVo06nYEPzlk1ehdVHzLd9fVuteEUcZTuAUzsGHK6jDLTSgCQyG8Ayv8OZI58V5dz4WrSWnmDmGP3I+fwAhNo2g</latexit><latexit sha1_base64="AGxM87hT3NppQ48SedyzLDKvPjg=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY8CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhj0vG+ntLa+sblV3q7s7O7tH7iHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWuvhrp/23apX8+Yiq+AXUIVCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdi4rG3AT5fNUpObPOgESJtk8hmbu/J3IaGzOJQ9sZUxyZ5drM/K/WzTC6DnKh0gy5YouPokwSTMjsbjIQmjOUEwuUaWF3JWxENWVo06nYEPzlk1ehdVHzLd9fVuteEUcZTuAUzsGHK6jDLTSgCQyG8Ayv8OZI58V5dz4WrSWnmDmGP3I+fwAhNo2g</latexit><latexit sha1_base64="AGxM87hT3NppQ48SedyzLDKvPjg=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY8CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhj0vG+ntLa+sblV3q7s7O7tH7iHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWuvhrp/23apX8+Yiq+AXUIVCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdi4rG3AT5fNUpObPOgESJtk8hmbu/J3IaGzOJQ9sZUxyZ5drM/K/WzTC6DnKh0gy5YouPokwSTMjsbjIQmjOUEwuUaWF3JWxENWVo06nYEPzlk1ehdVHzLd9fVuteEUcZTuAUzsGHK6jDLTSgCQyG8Ayv8OZI58V5dz4WrSWnmDmGP3I+fwAhNo2g</latexit><latexit sha1_base64="AGxM87hT3NppQ48SedyzLDKvPjg=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY8CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhj0vG+ntLa+sblV3q7s7O7tH7iHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWuvhrp/23apX8+Yiq+AXUIVCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdi4rG3AT5fNUpObPOgESJtk8hmbu/J3IaGzOJQ9sZUxyZ5drM/K/WzTC6DnKh0gy5YouPokwSTMjsbjIQmjOUEwuUaWF3JWxENWVo06nYEPzlk1ehdVHzLd9fVuteEUcZTuAUzsGHK6jDLTSgCQyG8Ayv8OZI58V5dz4WrSWnmDmGP3I+fwAhNo2g</latexit>

H
<latexit sha1_base64="fCDHIbwOSP7QbqN8CZ8+0aQLYtQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbqbh5HES7gEq7BgxrUoQFNaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx+YEYy6</latexit><latexit sha1_base64="fCDHIbwOSP7QbqN8CZ8+0aQLYtQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbqbh5HES7gEq7BgxrUoQFNaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx+YEYy6</latexit><latexit sha1_base64="fCDHIbwOSP7QbqN8CZ8+0aQLYtQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbqbh5HES7gEq7BgxrUoQFNaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx+YEYy6</latexit><latexit sha1_base64="fCDHIbwOSP7QbqN8CZ8+0aQLYtQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbqbh5HES7gEq7BgxrUoQFNaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx+YEYy6</latexit>

l
<latexit sha1_base64="I45JSTQVqAHdFi/HkKa95O9gBSs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqyUG1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noNsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LrutZwizjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AHOoYze</latexit><latexit sha1_base64="I45JSTQVqAHdFi/HkKa95O9gBSs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqyUG1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noNsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LrutZwizjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AHOoYze</latexit><latexit sha1_base64="I45JSTQVqAHdFi/HkKa95O9gBSs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqyUG1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noNsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LrutZwizjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AHOoYze</latexit><latexit sha1_base64="I45JSTQVqAHdFi/HkKa95O9gBSs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqyUG1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noNsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LrutZwizjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AHOoYze</latexit>

u
<latexit sha1_base64="wvbp1kzcIMbvVbkMTjZ5cQoykDE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYq5UNqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuXWda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPcRYzn</latexit><latexit sha1_base64="wvbp1kzcIMbvVbkMTjZ5cQoykDE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYq5UNqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuXWda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPcRYzn</latexit><latexit sha1_base64="wvbp1kzcIMbvVbkMTjZ5cQoykDE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYq5UNqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuXWda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPcRYzn</latexit><latexit sha1_base64="wvbp1kzcIMbvVbkMTjZ5cQoykDE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYq5UNqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuXWda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPcRYzn</latexit>

mg
<latexit sha1_base64="+hHlnRtXj8moT2CAM70pUEOVIEI=">AAAB6XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHKrYW2qVk02wbmmSXZFYoS/+BFw+KePUfefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G45tZ/fGJGysS/YCTlIeKDrWIBaPorHs17Fdrft2fi6xCUEANCjX71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx1qqrgN8/mmU3LmnAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMr8Nc6DRDrtnioziTBBMyO5sMhOEM5cQBZUa4XQkbUUMZunAqLoRg+eRVaF/UA8d3l7WGX8RRhhM4hXMI4AoacAtNaAGDGJ7hFd68sffivXsfi9aSV8wcwx95nz+RoY1Q</latexit><latexit sha1_base64="+hHlnRtXj8moT2CAM70pUEOVIEI=">AAAB6XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHKrYW2qVk02wbmmSXZFYoS/+BFw+KePUfefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G45tZ/fGJGysS/YCTlIeKDrWIBaPorHs17Fdrft2fi6xCUEANCjX71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx1qqrgN8/mmU3LmnAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMr8Nc6DRDrtnioziTBBMyO5sMhOEM5cQBZUa4XQkbUUMZunAqLoRg+eRVaF/UA8d3l7WGX8RRhhM4hXMI4AoacAtNaAGDGJ7hFd68sffivXsfi9aSV8wcwx95nz+RoY1Q</latexit><latexit sha1_base64="+hHlnRtXj8moT2CAM70pUEOVIEI=">AAAB6XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHKrYW2qVk02wbmmSXZFYoS/+BFw+KePUfefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G45tZ/fGJGysS/YCTlIeKDrWIBaPorHs17Fdrft2fi6xCUEANCjX71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx1qqrgN8/mmU3LmnAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMr8Nc6DRDrtnioziTBBMyO5sMhOEM5cQBZUa4XQkbUUMZunAqLoRg+eRVaF/UA8d3l7WGX8RRhhM4hXMI4AoacAtNaAGDGJ7hFd68sffivXsfi9aSV8wcwx95nz+RoY1Q</latexit><latexit sha1_base64="+hHlnRtXj8moT2CAM70pUEOVIEI=">AAAB6XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHKrYW2qVk02wbmmSXZFYoS/+BFw+KePUfefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G45tZ/fGJGysS/YCTlIeKDrWIBaPorHs17Fdrft2fi6xCUEANCjX71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx1qqrgN8/mmU3LmnAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMr8Nc6DRDrtnioziTBBMyO5sMhOEM5cQBZUa4XQkbUUMZunAqLoRg+eRVaF/UA8d3l7WGX8RRhhM4hXMI4AoacAtNaAGDGJ7hFd68sffivXsfi9aSV8wcwx95nz+RoY1Q</latexit>

m
<latexit sha1_base64="6v+26yCRoiQb7E/7xS2kF7BqWC0=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHFuwHtEvJprNtbJJdkqxQSn+BFw+KePUnefPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aZkk0wybLBGJ7kTUoOAKm5ZbgZ1UI5WRwHY0vpvX20+oDU/Ug52kGEo6VDzmjFpnNWS/XPGr/kJkHYIcKpCr3i9/9QYJyyQqywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrUFGJJpwuFp2RC+cMSJxo95QlC/f3xJRKYyYycp2S2pFZrc3N/2rdzMa34ZSrNLOo2PKjOBPEJmR+NRlwjcyKiQPKNHe7EjaimjLrsim5EILVk9ehdVUNHDeuKzU/j6MIZ3AOlxDADdTgHurQBAYIz/AKb96j9+K9ex/L1oKXz5zCH3mfP9AljN8=</latexit><latexit sha1_base64="6v+26yCRoiQb7E/7xS2kF7BqWC0=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHFuwHtEvJprNtbJJdkqxQSn+BFw+KePUnefPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aZkk0wybLBGJ7kTUoOAKm5ZbgZ1UI5WRwHY0vpvX20+oDU/Ug52kGEo6VDzmjFpnNWS/XPGr/kJkHYIcKpCr3i9/9QYJyyQqywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrUFGJJpwuFp2RC+cMSJxo95QlC/f3xJRKYyYycp2S2pFZrc3N/2rdzMa34ZSrNLOo2PKjOBPEJmR+NRlwjcyKiQPKNHe7EjaimjLrsim5EILVk9ehdVUNHDeuKzU/j6MIZ3AOlxDADdTgHurQBAYIz/AKb96j9+K9ex/L1oKXz5zCH3mfP9AljN8=</latexit><latexit sha1_base64="6v+26yCRoiQb7E/7xS2kF7BqWC0=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHFuwHtEvJprNtbJJdkqxQSn+BFw+KePUnefPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aZkk0wybLBGJ7kTUoOAKm5ZbgZ1UI5WRwHY0vpvX20+oDU/Ug52kGEo6VDzmjFpnNWS/XPGr/kJkHYIcKpCr3i9/9QYJyyQqywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrUFGJJpwuFp2RC+cMSJxo95QlC/f3xJRKYyYycp2S2pFZrc3N/2rdzMa34ZSrNLOo2PKjOBPEJmR+NRlwjcyKiQPKNHe7EjaimjLrsim5EILVk9ehdVUNHDeuKzU/j6MIZ3AOlxDADdTgHurQBAYIz/AKb96j9+K9ex/L1oKXz5zCH3mfP9AljN8=</latexit><latexit sha1_base64="6v+26yCRoiQb7E/7xS2kF7BqWC0=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHFuwHtEvJprNtbJJdkqxQSn+BFw+KePUnefPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aZkk0wybLBGJ7kTUoOAKm5ZbgZ1UI5WRwHY0vpvX20+oDU/Ug52kGEo6VDzmjFpnNWS/XPGr/kJkHYIcKpCr3i9/9QYJyyQqywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrUFGJJpwuFp2RC+cMSJxo95QlC/f3xJRKYyYycp2S2pFZrc3N/2rdzMa34ZSrNLOo2PKjOBPEJmR+NRlwjcyKiQPKNHe7EjaimjLrsim5EILVk9ehdVUNHDeuKzU/j6MIZ3AOlxDADdTgHurQBAYIz/AKb96j9+K9ex/L1oKXz5zCH3mfP9AljN8=</latexit>

F
<latexit sha1_base64="vmT5ZwDghP7VcAeqEIfVtLWQF2s=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxIIjHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucJleaxfDDTBP2IjiQPOaPGWs27QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlQmMuA==</latexit><latexit sha1_base64="vmT5ZwDghP7VcAeqEIfVtLWQF2s=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxIIjHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucJleaxfDDTBP2IjiQPOaPGWs27QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlQmMuA==</latexit><latexit sha1_base64="vmT5ZwDghP7VcAeqEIfVtLWQF2s=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxIIjHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucJleaxfDDTBP2IjiQPOaPGWs27QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlQmMuA==</latexit><latexit sha1_base64="vmT5ZwDghP7VcAeqEIfVtLWQF2s=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxIIjHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucJleaxfDDTBP2IjiQPOaPGWs27QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlQmMuA==</latexit>

K
<latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit><latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit><latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit><latexit sha1_base64="7cQZWY++w6Zlr4j+2LKYESeMsLY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EXw0oL9gDaUzXbSrt1swu5GKKG/wIsHRbz6k7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lg9mmqAf0ZHkIWfUWKt5PyhX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eVupvHUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/BHzucPnJ2MvQ==</latexit>

(a) (b)

(b) Spring-mass system in contact with a
rigid plane with penalty method

N,
<latexit sha1_base64="7Ai747N2HFhzqr2x5S2EKvt86tc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FBKIoIeC148SRX7AW0om+2kXbrZhN2NUEL/gRcPinj1H3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbDXbVfrrg1dy6yCl4OFcjV6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGmE2s/mm07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQmv/YzLJDUo2eKjMBXExGR2NhlwhcyIiQXKFLe7EjaiijJjwynZELzlk1ehdVHzLN9fVurVPI4inMApnIMHV1CHW2hAExiE8Ayv8OaMnRfn3flYtBacfOYY/sj5/AEH5ozy</latexit><latexit sha1_base64="7Ai747N2HFhzqr2x5S2EKvt86tc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FBKIoIeC148SRX7AW0om+2kXbrZhN2NUEL/gRcPinj1H3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbDXbVfrrg1dy6yCl4OFcjV6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGmE2s/mm07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQmv/YzLJDUo2eKjMBXExGR2NhlwhcyIiQXKFLe7EjaiijJjwynZELzlk1ehdVHzLN9fVurVPI4inMApnIMHV1CHW2hAExiE8Ayv8OaMnRfn3flYtBacfOYY/sj5/AEH5ozy</latexit><latexit sha1_base64="7Ai747N2HFhzqr2x5S2EKvt86tc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FBKIoIeC148SRX7AW0om+2kXbrZhN2NUEL/gRcPinj1H3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbDXbVfrrg1dy6yCl4OFcjV6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGmE2s/mm07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQmv/YzLJDUo2eKjMBXExGR2NhlwhcyIiQXKFLe7EjaiijJjwynZELzlk1ehdVHzLN9fVurVPI4inMApnIMHV1CHW2hAExiE8Ayv8OaMnRfn3flYtBacfOYY/sj5/AEH5ozy</latexit><latexit sha1_base64="7Ai747N2HFhzqr2x5S2EKvt86tc=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FBKIoIeC148SRX7AW0om+2kXbrZhN2NUEL/gRcPinj1H3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbDXbVfrrg1dy6yCl4OFcjV6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGmE2s/mm07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQmv/YzLJDUo2eKjMBXExGR2NhlwhcyIiQXKFLe7EjaiijJjwynZELzlk1ehdVHzLN9fVurVPI4inMApnIMHV1CHW2hAExiE8Ayv8OaMnRfn3flYtBacfOYY/sj5/AEH5ozy</latexit>

Kp,
<latexit sha1_base64="NbqRViw4xuO+Iv1bF7/RZnXXHZE=">AAAB63icdVDLSgMxFM34rPVVdekmWAQXZchoB9tdwY3gpoJ9QDuUTJppQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994QJZ9og9OGsrK6tb2wWtorbO7t7+6WDw7aOU0Voi8Q8Vt0Qa8qZpC3DDKfdRFEsQk474eQq9zv3VGkWyzszTWgg8EiyiBFsculmkFQGpTJykV/3PQSR6yOvfpGTer1W9X3ouWiOMliiOSi994cxSQWVhnCsdc9DiQkyrAwjnM6K/VTTBJMJHtGepRILqoNsfusMnlplCKNY2ZIGztXvExkWWk9FaDsFNmP928vFv7xeaqJakDGZpIZKslgUpRyaGOaPwyFTlBg+tQQTxeytkIyxwsTYeIo2hK9P4f+kfe56lt9Wy43KMo4COAYn4Ax44BI0wDVoghYgYAwewBN4doTz6Lw4r4vWFWc5cwR+wHn7BPkBjiA=</latexit><latexit sha1_base64="NbqRViw4xuO+Iv1bF7/RZnXXHZE=">AAAB63icdVDLSgMxFM34rPVVdekmWAQXZchoB9tdwY3gpoJ9QDuUTJppQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994QJZ9og9OGsrK6tb2wWtorbO7t7+6WDw7aOU0Voi8Q8Vt0Qa8qZpC3DDKfdRFEsQk474eQq9zv3VGkWyzszTWgg8EiyiBFsculmkFQGpTJykV/3PQSR6yOvfpGTer1W9X3ouWiOMliiOSi994cxSQWVhnCsdc9DiQkyrAwjnM6K/VTTBJMJHtGepRILqoNsfusMnlplCKNY2ZIGztXvExkWWk9FaDsFNmP928vFv7xeaqJakDGZpIZKslgUpRyaGOaPwyFTlBg+tQQTxeytkIyxwsTYeIo2hK9P4f+kfe56lt9Wy43KMo4COAYn4Ax44BI0wDVoghYgYAwewBN4doTz6Lw4r4vWFWc5cwR+wHn7BPkBjiA=</latexit><latexit sha1_base64="NbqRViw4xuO+Iv1bF7/RZnXXHZE=">AAAB63icdVDLSgMxFM34rPVVdekmWAQXZchoB9tdwY3gpoJ9QDuUTJppQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994QJZ9og9OGsrK6tb2wWtorbO7t7+6WDw7aOU0Voi8Q8Vt0Qa8qZpC3DDKfdRFEsQk474eQq9zv3VGkWyzszTWgg8EiyiBFsculmkFQGpTJykV/3PQSR6yOvfpGTer1W9X3ouWiOMliiOSi994cxSQWVhnCsdc9DiQkyrAwjnM6K/VTTBJMJHtGepRILqoNsfusMnlplCKNY2ZIGztXvExkWWk9FaDsFNmP928vFv7xeaqJakDGZpIZKslgUpRyaGOaPwyFTlBg+tQQTxeytkIyxwsTYeIo2hK9P4f+kfe56lt9Wy43KMo4COAYn4Ax44BI0wDVoghYgYAwewBN4doTz6Lw4r4vWFWc5cwR+wHn7BPkBjiA=</latexit><latexit sha1_base64="NbqRViw4xuO+Iv1bF7/RZnXXHZE=">AAAB63icdVDLSgMxFM34rPVVdekmWAQXZchoB9tdwY3gpoJ9QDuUTJppQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994QJZ9og9OGsrK6tb2wWtorbO7t7+6WDw7aOU0Voi8Q8Vt0Qa8qZpC3DDKfdRFEsQk474eQq9zv3VGkWyzszTWgg8EiyiBFsculmkFQGpTJykV/3PQSR6yOvfpGTer1W9X3ouWiOMliiOSi994cxSQWVhnCsdc9DiQkyrAwjnM6K/VTTBJMJHtGepRILqoNsfusMnlplCKNY2ZIGztXvExkWWk9FaDsFNmP928vFv7xeaqJakDGZpIZKslgUpRyaGOaPwyFTlBg+tQQTxeytkIyxwsTYeIo2hK9P4f+kfe56lt9Wy43KMo4COAYn4Ax44BI0wDVoghYgYAwewBN4doTz6Lw4r4vWFWc5cwR+wHn7BPkBjiA=</latexit>
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Figure 1

3. Experiments

As mentioned previously, the structure studied in this work is the S4 Beam [30], which consists of two prismatic
beams bolted together at their ends. Each beam is 20 in (508 mm) long, 1.25 in (31.75 mm) wide and 0.38 in (9.652
mm) thick, except that the last 2.0 in (50.8 mm) of each beam is 0.50 in (12.7 mm) thick, so that contact only occurs
over this region. Further details and finite element models of the structures are available at the website mentioned in
[32].

3.1. Surface Measurements

The contact interfaces of B5B6 beams were machined to be nominally flat, and so they were modeled as flat in
our prior work [29], and yet that model could not capture the physics observed in the S4 Beams, and so the surface
topology of the experimental structures were measured in detail in order to increase the fidelity of the finite element
models. These measurements were used in two ways: 1.) They were used to estimate an effective radius of curvature
of the surface, which was then applied to the FEM and 2.) They were smoothed and applied to the FEM directly

The topology at the contacting surfaces was measured using G2 Contoura coordinate measuring machine (CMM)
with a manufacturer stated accuracy of 79𝜇in (2 𝜇m). A grid of roughly 11, 000 points was measured on each interface.
During the measurement, the beam was bolted flat onto the measurement table, and an epoxy plug was used to fill
the bolt hole so the machine could easily cover the whole surface in a single measurement. Note that in the raw
measurements from the CMM, the left and right surfaces had slightly different heights and the surface showed a nonzero
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slope. It was judged that these features would not be accurate for the instrument used. Furthermore, simulations
revealed that one need only apply a small fraction of the preload to bring the surfaces into alignment, and so the mean
and slope of the measured data was removed prior to any further analysis. The measurements for B5B6 are shown in
Fig. 2. It can be seen that the two sides of each beam, i.e. Fig. 2a and Fig. 2b or Fig. 2c and Fig. 2d, have different
surface topology and none is exactly flat. The difference in height between the corners of the contact patch and the
area near the bolt ranges from about 0.15 to 0.25 mil (3.8 to 6.4 𝜇m) over the four surfaces.
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(c) B6 Beam - Left
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Figure 2: The surface topology of the four surfaces measured, two on each end of the beam. The color bars are in
inches.

To approximate these surfaces as spherical, a spherical surface was found that best matched the height differences
observed in Fig. 2. Specifically, to capture the 0.15 to 0.25 mil (3.81 to 6.35 𝜇m) height differences over the 2 in by
1.25 in (50.8 mm by 31.75 mm) patches, a radius of curvature of 4.6e3 and 2.8e3 in (1.17e5 and 7.11e4 mm) would be
needed. For simplicity, spherical surfaces with R=1000, 2000, 4000 and 8000 in were created. To evaluate the ability
of the models to capture the actual surface topology, the unsmoothed surface topology was applied to the FEM and
two-dimensional slices along the contact surface at two different locations are plotted in Fig. 3. These are compared
to the topology of the models that had spherical curvature. (Similar results are also shown for the surfaces that were
smoothed with the lowess method, as described in the next subsection.) Note that in each case the surfaces were
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(b) Slice at z=0.75 in (19.05 mm)
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Figure 3: Two-dimensional slices of the surfaces from different models at two paths 𝑧 = 0.65in (16.51 mm) and
𝑧 = 0.75in (19.05 mm)

translated in the y-direction so that a single pair of nodes was initially in contact.
It should be noted that it would not be highly accurate to approximate any of the measured surfaces as spherical, but

such an approach would probably be much more tractable in industrial applications if it gives reasonable results. Based
on the slices shown in Fig. 3, the best model would likely have R=3000 in (7.62e4), midway between the R=2000 in
(5.08e4 mm) and R=4000 in (1.016e5 mm) models that were created.
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3.2. Surface Smoothing

As mentioned previously, the second approach used in this paper was to apply the surface measurements directly
to the FEM. However, it was necessary to apply some smoothing first otherwise the contact would happen at a few
discrete nodes. The measured surface data was smoothed using a locally weighted smoothing method [38, 39], which
is called the "Lowess" method in the "fit" function in Matlab. Using this approach, each data point is replaced with its
fitted/smoothed value, using a local polynomial weighted least squares regression. Only the neighboring data points
are used to determine the smoothed value for each data point; specifically one defines a percentage 𝑝 of the data to use
and that percent of the nearest neighbors are used in the computation. Each data point contained within the span is
also weighted by the regression weight function in Eq. 6,

𝑤𝑖 =
⎛

⎜

⎜

⎝

1 −
|

|

|

|

|

𝑥 − 𝑥𝑖
𝑑(𝑥)

|

|

|

|

|

3
⎞

⎟

⎟

⎠

3

(6)

where 𝑥𝑖 are the nearest neighbors of the point of interest, 𝑥. Defined by the span 𝑝, 𝑥 is the predictor value associated
with the response value to be smoothed and 𝑑(𝑥) is the distance from 𝑥 to the most distant predictor value. Note that
the data point desired to be smoothed has the most influence on the fit. After determining the weights for each data
point, a weighted linear least-squares regression (linear polynomial) is performed.

In this paper, to vary the degree of smoothing applied, different span values were applied, and each is reported as
"Lowess-𝑝", i.e. "Lowess-10" uses 10% of the nearest neighbors in the smoothing. Because our measurements were
approximately uniformly distributed over the surface, a smoothing factor of 10% would correspond to data within about
a 0.2 in (5.08 mm) radius of each point. Two-dimensional slices of the surfaces, smoothed with the lowess method
with 𝑝 = 10, 25 and 50 percent are shown in Fig. 3. One can observe that lowess-10 still retains some of the jaggedness
of the surface, while the other two give similar results and result in quite smooth surfaces. As a further illustration, the
three-dimensional surface profiles after smoothing with Lowess-50 are shown in Fig. 4.

Once the smoothed surfaces had been created, they were used to compute the height of the nodes of the FEM over
the contacting surfaces (i.e. the raised regions in the S4 Beam). The in plane coordinates (𝑥, 𝑧) were used to compute
the height of the smoothed surface, and the nodes in the FE model were moved up slightly to have the desired surface
height. The displacements required to accomplish this were small (less than 0.001 in or 25 𝜇m) relative to the size
of the mesh ( 0.025 or .635 mm) and so any mesh distortion was negligible. As an example, the lowess-50 smoothed
topology in Fig. 4 was applied to the FE mesh and the initial positions of the contacting nodes are visualized in Fig. 5.
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(b) B5 Beam - Right
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(c) B6 Beam - Left
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(d) B6 Beam - Right

Figure 4: The profiles of fitted surfaces for B5B6 using Lowess-50. The color bars give the height of the surface in
inches.

(a) B5B6 Beam - Left (b) B5B6 Beam - Right
Figure 5: Contact surfaces of the left and right sides of the FEM when the lowess-50 topologies, shown in Fig. 4, are
applied. a) The surfaces for the left side of the beam from Fig. 4a and Fig. 4c, b)The surfaces for the right side of the
beam from Fig. 4b and Fig. 4d
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3.3. Dynamic Measurements

Experiments were conducted to estimate the linear natural frequency of the structure (e.g. for small amplitudes) as
well as the natural frequency and damping as a function of vibration amplitude. The structure tested here is identical
to the "2017 Beam" tested in [32], with the specific pair of beams used called B5 and B6 in prior works. However,
the structure tested here had two load cells, one on each bolt, to ensure that both bolts had the same preload. (The
torque applied to each bolt was increased carefully until the load cells indicated the desired preload.) The S4 beam was
suspended with bungee cords to approximate free-free boundary conditions, as shown in Fig. 6. Six accelerometers
were used so that the fundamental modes could be distinguished using a modal filter. The accelerometers were at
the following nodes: [B100Z,B200Y,N200Y,B200-Z,B250Z,B300Z] with 100 denoting the left side of the beam and
300 the right side, B denoting the beam on the bolt side and N denoting the beam on the nut side (the back), and the
directions as shown in Fig. 6. Additional details on the test setup can be found in [32].

Figure 6: Photo of the experimental setup used when testing the S4 Beam.

The tests for the beams consisted of three steps. The beam was first excited at low level with a very light impact
hammer (with peak forces < 1N) to extract the linear natural frequencies, damping ratios and mode shapes of the
structure. Then, several high amplitude impacts (50N - 700N) were applied with a large hammer to excite nonlinearity
in the modes of interest. These tests were used to assess the damping and frequency as a function of amplitude.
Finally, the linear test was repeated to check whether the linear properties had changed significantly (i.e. if a bolt
slipped). Frequency response functions were measured in the linear tests and the Algorithm of Mode Isolation [40].
For the nonlinear tests, the time histories of the response were measured, modally filtered using the mode shapes
extracted from the linear test, and used to calculate the frequency and damping as a function of amplitude using the
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Hilbert transform [41]. See [32] and [42] for further details on the post-processing of the measurements.
When performing the tests reported in this paper, specific attention was given to the scaling of the measurements.

Specifically, in prior works the mass normalized mode shape was extracted from the measurements and used to scale
the horizontal axis in figures such as Fig. 11. Some inconsistencies were found in prior works, specifically in the
scale used in [29], causing the damping to be significantly under-estimated at a given amplitude in [29], and so the
procedure was checked carefully. Additionally, the mass normalized mode shapes found experimentally were compared
with those found by the finite element model and found to agree within a few percent, lending additional confidence to
the experimental procedure. In the end, to ensure consistency between the experimental measurements, Mode 2 was
always scaled such that its mass normalized mode shape at the measurement point B200Z was 0.914 𝑘𝑔−1∕2 and Mode
6 was always scaled to a value of 0.842 𝑘𝑔−1∕2 at point N200Y.

4. Results

Figure 7: Finite Element Mesh used for the S4 Beam.

The finite element model used in this work is shown in Fig. 7. The model consisted of 387,114 nodes (1.16M de-
grees of freedom), with 341,504 elements of the type C3D8 and C3D8R in Abaqus. The reduced integration (C3D8R)
elements gave erroneous contact pressures when used near the contact, so they were only used for the portions of the
beam away from the contact in order to minimize shear locking in this region when the beam bends. The bolts, nuts
and washers were approximated with cylinders as shown. The load washers seen in Fig. 6 were unfortunately not
included, as they were added to the experimental setup after all of the analysis had been completed. The side view on
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the bottom right shows the contact interface, where the surface profiles were applied. The model shown is for R=2000
in, although the curvature and gap between the elements is not visible at this scale.

4.1. Linear Frequency Study

The first metric used to evaluate the performance of the finite element models was their ability to predict the natural
frequencies of the assembly. When two flat surfaces some into contact, the contact area is independent of the clamping
force [43], and hence the stiffness of the contact is also independent of the preload. This was confirmed for the FE
models of the S4 Beam in [32], where a model with flat contact interfaces was found to predict natural frequencies
that were independent of the preload. In contrast, when curved surfaces come into contact (as can be seen in Hertzian
contact), the preload changes the contact area and hence the stiffness of the contact. As will be shown below, the
experimentally measured natural frequencies for the S4 Beam showed this same behavior, confirming the importance
of the interface curvature if one is to model the structure accurately.

Before presenting the frequencies, it is informative to see how the contact pressure at the interface changes as the
surface topology changes. Figure 8 shows the contact pressure for the nominal model with a perfectly flat interface
and that for four models with Lowess smoothing. The contact pressure can be seen to change very significantly, and
this causes the effective contact area to change, leading to the changes in the natural frequencies observed below.

Table 1 shows the linear natural frequencies of the first six modes as measured on the S4 Beam when the preload
in each bolt was 2000 lb. The measurements were repeated on two different days, once before applying high amplitude
impacts and once after, for a total of four measurements. The values in parenthesis are the standard deviations (in Hz)
of the measurements for each mode. The natural frequencies predicted by each of the finite element models are also
shown. For reference, the mode shapes of these modes are shown in Fig. 9 for the nominal model. The mode shapes of
all other FEMs reported in the paper were visually indistinguishable at this scale; the changes in the shapes were small
and localized to near the contact interface. Note that, prior to these predictions, the density of the steel in each finite
element model was adjusted so that the mass of the FEM matched that of the measured mass of the actual S4 Beam,
and the elastic modulus was updated so that the FEM predicted the natural frequencies measured on a single beam (i.e.
half of the assembly with no joints) as well as possible. The final values were 𝜌 = 0.2894 lb/in3 and 𝐸 = 28.14 × 106

psi, and these brought the natural frequencies into agreement within 1% on average.
The natural frequencies predicted by the models are all in good agreement with those measured experimentally.

Mode 4’s natural frequency is nearly independent of the model, because it induces almost no stress on the joint, and
similarly for Mode 3. Modes 1, 2 and 6 are most sensitive to the joints and show varying levels of agreement as the
curvature in the model changes.

The natural frequencies were also measured and computed at preloads of 500, 1000 and 1500 lb, and the changes
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Printed using Abaqus/CAE on: Thu Jun 10 14:03:09 Central Daylight Time 2021

(a) Flat

Printed using Abaqus/CAE on: Thu Jun 10 13:59:54 Central Daylight Time 2021

(b) Smoothed measured from [32]

Printed using Abaqus/CAE on: Thu Jun 10 13:54:47 Central Daylight Time 2021

(c) Lowess-10Printed using Abaqus/CAE on: Thu Jun 10 13:55:38 Central Daylight Time 2021

(d) Lowess-25

Printed using Abaqus/CAE on: Mon Jun 14 11:39:01 Central Daylight Time 2021

(e) Lowess-40

Printed using Abaqus/CAE on: Mon Jun 14 11:41:46 Central Daylight Time 2021

(f) Lowess-50
Printed using Abaqus/CAE on: Mon Jun 28 10:40:36 Central Daylight Time 2021

(g) R=500

Printed using Abaqus/CAE on: Mon Jun 28 10:24:44 Central Daylight Time 2021

(h) R=1000

Printed using Abaqus/CAE on: Mon Jun 28 10:25:49 Central Daylight Time 2021

(i) R=2000
Printed using Abaqus/CAE on: Mon Jun 28 10:26:57 Central Daylight Time 2021

(j) R=4000

Printed using Abaqus/CAE on: Tue Jun 08 13:43:29 Central Daylight Time 2021

(k) R=8000
Figure 8: The contact pressure distribution of the left side of the beams for various interface shapes. Figures(a)-(f) are
for 500 lbs preload and (g)-(k) are for 2000 lbs

Case Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
Experiment 262.58 (0.18) 331.26 (0.06) 476.91 (0.08) 565.16 (0.08) 718.34 (0.59) 860.21 (0.72)
R=1000 253.72 328.26 478.93 566.68 690.33 796.27
R=2000 256.94 329.21 478.96 566.65 700.06 821.65
R=4000 260.5 330.56 479.01 566.64 710.91 849.76
Lowess-10 259.66 330.38 479.01 566.65 708.45 848.21
Lowess-25 258.92 330.01 478.99 566.65 706.14 839.57
Lowess-50 259.07 329.97 478.99 566.64 706.54 838.34

Table 1: Linear natural frequencies (Hz) for 2000 lb preload. The standard deviation of the experimental measurements
is shown in parenthesis.

in the natural frequencies relative to the 2000 lb preload state were computed and are plotted in Fig. 10. By computing
the frequency shift, any offset between the models due to inaccuracies in the modulus, density or mesh is eliminated
and one can evaluate the ability of the models to predict the effect of the preload.

The largest frequency shifts occur for Mode 1 (opening and closing mode) and Mode 6 (torsion). The FEMs with
spherical curvature with R=2000 or 4000 reproduce the behavior of these modes the best at the 500-lb preload, and
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S4Beam PredictionsPrinted using Abaqus/CAE on: Wed Aug 18 14:15:55 Central Daylight Time 2021

(a) 1st mode

Printed using Abaqus/CAE on: Wed Aug 18 14:16:19 Central Daylight Time 2021

(b) 2nd mode

Printed using Abaqus/CAE on: Wed Aug 18 14:16:58 Central Daylight Time 2021

(c) 3rd mode
Printed using Abaqus/CAE on: Wed Aug 18 14:17:23 Central Daylight Time 2021

(d) 4th mode

Printed using Abaqus/CAE on: Wed Aug 18 14:17:40 Central Daylight Time 2021

(e) 5th mode

Printed using Abaqus/CAE on: Wed Aug 18 14:18:36 Central Daylight Time 2021

(f) 6th mode

Figure 9: Mode shapes for the nominal the S4 beam FEM.

are reasonably close at the higher preloads. The FEMs with the actual surface topology smoothed with lowess-25 and
lowess-50 give the best results among those models, although their performance is not dramatically better than the
models that approximated the surfaces as spherical. Mode 2 (symmetric bending) has a smaller frequency shift, but as
will be seen subsequently, this mode has highly nonlinear damping due to the joint and hence it is of particular interest.
Once again, both types of models seem to predict its behavior well, perhaps with a preference for the lowess-10 model
at 500 lb preload.

4.2. Nonlinear Behavior

While Modes 1, 2 and 6 were all found to be significantly affected by the joints, Mode 1 exhibits an opening-closing
nonlinearity that affects its natural frequency but not its damping. This work is focused on understanding the damping
dominated nonlinearities exhibited by bolted joints, and so no further attention was paid to Mode 1.

Quasi-static modal analysis was applied to several of the models to compute the effective amplitude dependent
natural frequency and damping ratio of Modes 2 and 6. Prior works have shown that these should be comparable to the
experimentally measured frequency and damping when one mode is excited in isolation [44], and our previous study
[32] identified the drive points for which this was true for the S4 Beam. Each analysis took a few days to complete on
a modern desktop computer (Intel Pentium Quad-core i7 at 3.6 GHz with 32MB RAM) using between 2-4 cores, or on
the University of Wisconsin’s Center for High Throughput Computing cluster. In order to thoroughly study the effect of
surface shape, friction coefficient and other parameters on the results, more than 50 analyses were completed totaling
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Figure 10: Percent change in the natural frequencies relative to 2000 lb preload case for experimental measurements
and various finite element models. FEMs with spherical curvature (left), and FEMs with the measured topology,
smoothed using the lowess method (right).

thousands of CPU hours. Several models failed to converge for certain preload levels, some even after considerable
effort adjusting the convergence tolerances and contact settings. The subsections below present the results for the two
extreme values of preload: 500 lb and 2000 lb for many of the finite element models with spherical and smoothed
surfaces.
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4.2.1. Mode 2 with 500 lb (2220 N) Preload

Prior to presenting the results in detail, some comments are in order regarding the results and post processing.
Figure 11 shows the measured damping ratio of Mode 2 as a function of vibration amplitude, as well as QSMA
predictions from various models with the same 500 lb (2220 N) preload. The vibration amplitude is expressed in
terms of the peak velocity. Specifically, when the structure vibrates in Mode 2, the largest displacement or velocity
or acceleration is obtained at a node at the center of the S4 Beam in the 𝑦− direction. The horizontal axis in all of
these figures corresponds to that velocity. Because the response is quasi-linear, one could convert this velocity, whose
peak value is 2.0 in/s (50.8 mm/s) in Fig. 11, to a displacement by multiplying by the instantaneous natural frequency,
which is approximately 328 Hz for all of these models, see Table 1 and Fig. 10. Hence, the peak displacements in
the measurements in Fig. 11 would be 9.7 × 10−4 in or 25𝜇𝑚, and the peak acceleration would be 10.7 g. The same
approach will be used for the torsional Mode 6 in subsequent results, only its peak displacement occurs in the 𝑧−

direction.
When comparing the QSMA results to measurements, some anomalies were often observed, as indicated with

arrows in Fig. 11. Starting at high amplitudes, the predicted damping curves show power-law behavior [45], or a
situation in which the log of the damping increases linearly with the log of the vibration amplitude. However, at low
enough vibration amplitudes (corresponding to low enough forces or displacements in the quasi-static analyses), the
models often showed a deviation from this behavior; in the cases in Fig. 11, the damping increases above the power-
law trend. This was investigated and the reason seems to be that, when the displacement is small enough for a given
mesh, the number of elements sticking or slipping does not change from one load increment to the next, and hence
any estimate of damping is dominated by artificial damping or compliance in the interface and not due to friction.
There is always a finite compliance in these interfaces because the penalty method is used to enforce the contact. This
is illustrated in Fig. 12, which shows the element faces that were open, in contact and stuck and slipping at various
points along the quasi-static solution for the spherical interface model with 𝑅 = 2000. As the displacement doubles
the contact evolves noticeably for points in the power-law regime (i.e. for velocities above 2.0 in/s), while there is
no significant slip at lower velocities (i.e. lower quasi-static displacements). The effect of the slight curvature on the
interface can be seen by comparing Fig. 12 with the corresponding result in [29], which was created for the beam with
a flat interface.

In light of these observations, the only valid part of the QSMA curves is that for which significant slip does occur.
Hence, results for smaller displacements can be discarded. Figure 13 shows the same result but with the spurious
regions removed. The corresponding frequency versus amplitude behavior is also shown. In the remainder of this
paper, only those portions of QSMA predictions that were thought to be physically meaningful are shown.

One question that often arises with regard to bolted joints is whether one must account for variations in the contact
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Figure 11: Sample results for Mode 2 at the 500-lb preload for 𝜇 = 0.6 for various force levels 𝛼 and models with
different surface profiles (i.e. Lowess-10 and -50 smoothed surface profiles or surfaces with spherical curvature with
𝑅 = 2000 and 𝑅 = 4000).

pressure as the structure vibrates. For example, for the Brake-Reuss beam studied in [46], the contact pressure was
observed to vary considerably. This was investigated in the simulations performed here, and in all cases the contact
pressure was found to be essentially constant as the quasi-static load (i.e. the modal vibration amplitude) increased.
For example, for the model with 𝑅 = 2000, 500 lb preload, 𝜇 = 0.6, the contact pressure varied by only 0.1% over the
range of quasi-static loadings shown in Fig. 11. If this was not the case, then one could perhaps use the extension to
Masing’s rules presented in [47].

After eliminating the spurious computational results, one can see in Fig. 13 that there are considerable discrepancies
between the measured frequency and damping and that predicted from the FEM. The model with a flat interface (the
nominal geometry) predicts the damping very accurately and shows fairly accurate frequency behavior, although the
frequency decreases too quickly with increasing response amplitude. However, in Sec. 4.1 we mentioned that this
model is completely incapable of predicting the effect of preload on the natural frequencies of the various modes. The
other models all show damping that is about an order of magnitude too small and have the frequency shift occurring
at too large of amplitudes. Interestingly, the models are all surprisingly consistent in their predictions of the frequency
and damping. This suggests that one may only need an approximation of the surface geometry to accurately predict
the nonlinearity; even though there were significant differences between how the interface was approximated by the
Lowess 10 and 50 models or the R=2000 and R=4000 in models, all of these models predicted about the same nonlinear
behavior.
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(a) At 0.78 in/s (0.020 m/s) or 0.38 mil
(9.7 𝜇𝑚)

(b) At 1.24 in/s (0.031 m/s) or 0.60 mil
(15.2 𝜇𝑚)

(c) At 0.82 in/s (0.021 m/s) or 0.40 mil
(10.2 𝜇𝑚)

(d) At 1.90 in/s (0.048 m/s) or 0.92 mil
(23.4 𝜇𝑚)

(e) At 3.83 in/s (0.097 m/s) or 1.86 mil
(47.2 𝜇𝑚)

(f) At 6.43 in/s (0.163 m/s) or 3.12 mil
(79.3 𝜇𝑚)

Figure 12: Contact status over the 1.25 by 2 inch contact patch for the spherical interface model, 𝑅 = 2000, 500 lb
preload, 𝜇 = 0.6, at various displacement levels of Mode 2: (blue) not in contact (red) stuck (green) in contact and
slipping.
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Figure 13: Frequency and damping versus amplitude for Mode 2 at the 500 lb (2220 N) preload for 𝜇 = 0.6 for various
force levels 𝛼 and models with different surface profiles (i.e. Lowess-10 and -50 smoothed surface profiles or surfaces
with spherical curvature with 𝑅 = 2000 and 𝑅 = 4000) after removing the spurious part of each curve.
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All of the results presented so far assumed a friction coefficient of 𝜇 = 0.6, which was based on tests performed
on rigs such as those in [48]. (The static and dynamic or sliding coefficients of friction were assumed to be equal.)
A smaller coefficient of friction might be justified if one considers that a friction coefficient of 𝜇 = 0.6 is typical for
stainless steel surfaces after a break in period where the oxide layer is worn away. Stainless steel contacts are reported
to have smaller coefficients of friction, i.e. 𝜇 = 0.2 − 0.3 prior to this break in period. It is unclear which friction
mechanism might dominate in these joints, where microslip is the dominant mechanism. Additional simulations were
run with smaller coefficients of friction to see if this would increase the slip and damping and bring the results into
better correspondence.

Figure 14 shows the results of these simulations, compared to the same experimental data that was described
previously. The results show that reducing the friction coefficient from𝜇 = 0.6 to𝜇 = 0.2 brings the QSMA predictions
into much better agreement with the measurements, although the damping is still under-predicted by about a factor of
two and the frequency shift still occurs at too large of amplitudes. Further decreasing the friction coefficient to 𝜇 = 0.1

brings the curves into even better agreement, but those simulations predict that the structure will go into macro-slip at
a peak velocity of 1.0 in/s, whereas in the experiments no macro-slip was detected up to at least 2.0 in/s. For reference,
the low-amplitude natural frequencies for each of the models, from which the frequency shifts were calculated, are
given in Table 2.
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Figure 14: Frequency and damping versus amplitude for Mode 2 at the 500 lb (2220 N) preload for friction coefficients
𝜇 = 0.6, 𝜇 = 0.2 and 𝜇 = 0.1 for two different surface profiles.
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Model Linear Frequency (Hz) % error
Experiment 327.77 N/A
Flat 333.12 1.63
R=4000 in, 𝜇 = 0.6 328.22 0.13
R=4000 in, 𝜇 = 0.2 328.14 0.11
Lowess-50, 𝜇 = 0.6 327.86 0.02
Lowess-50, 𝜇 = 0.2 327.78 0.00
Lowess-50, 𝜇 = 0.1 327.69 −0.03

Table 2: The linear frequency values for different models in Fig. 14b for Mode 2 at the 500 lb (2220 N) preload. The
third column gives the % error relative to the experimentally measured linear natural frequency.

All results thus far were for Mode 2, the first symmetric bending mode, at a 500 lb (2220 N) preload. The following
section presents the experiments and predictions for Mode 6, the first torsion mode, at the same 500 lb (2220 N) preload.
Subsequently, two additional sections present results for the 2000 lb (8900 N) preloads.

4.2.2. Mode 6 with 500 lb (2220 N) Preload

The experimentally measured frequency and damping for Mode 6, the first torsional mode, are compared to the
QSMA predictions for various models in Fig. 15. Note that this mode exhibited much more significant nonlinearity
and so that introduced additional uncertainty when seeking to extract the frequency and damping. The lower amplitude
data was highly consistent and repeatable, but when impacts were performed at high levels (resulting in a frequency
shift as large as 35%), there was a region in which the data became noisy. This can be see in the frequency data
in Fig. 15b between 0.05 and 0.5 in/s (1.27 and 12.7 mm). In these same signals, there was clear evidence that the
frequency had shifted about 35%, and so the data was retained in order to capture that fact.

In contrast with the results shown for Mode 2, the flat model and the other models with 𝜇 = 0.6 all have similar
damping, which is about an order of magnitude lower than the experimentally measured damping. Similarly, they
all predict that the frequency should shift at much higher vibration amplitudes than it actually does. Decreasing the
friction coefficient to 𝜇 = 0.2 improves the agreement for both the spherical interface and Lowess smoothed models,
bringing both into reasonable agreement with the measurements. Those models predict that macroslip will occur at a
peak modal velocity of about 2.0 in/s (50 mm/s), which is just above the range where measurements were acquired.
In the case of this mode, it did seem that macroslip may have occurred at about this amplitude level, as efforts to
acquire data using higher forces showed such strong nonlinearity that the resonant peak in the spectrum completely
disappeared.

The decrease in the natural frequency with amplitude is compared between the experiments and simulations in
Fig. 15b. However, it is important to note that for some of the curves the simulations were not available at low enough
amplitudes such that the joint would behave linearly, so there was no data from which to find the asymptote to which
each curve would converge at low amplitudes. In order to address this, each frequency versus amplitude curve was
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(b) Frequency Shift (%) vs. Amplitude
Figure 15: Frequency and damping versus amplitude for Mode 6 (first torsion mode) at the 500 lb (2220 N) preload
for friction coefficients 𝜇 = 0.6, 𝜇 = 0.2 and 𝜇 = 0.1 for various surface profiles.

fit to a polynomial of the form 𝑓 (𝑣) = 1
𝑐3𝑣3 + 𝑐2𝑣2 + 𝑐1𝑣 + 𝑐0

, where 𝑣 is the peak velocity or the horizontal axis of
Fig. 18b. Then the asymptote was estimated as 𝑓 (0) = 1∕𝑐0 and this was subtracted from the data so all would tend
toward zero at zero amplitude. The shifts required were 2.0 and 2.4 Hz for the 𝑅 = 2000 and 𝑅 = 4000 curves and 2.5
Hz for the Lowess-50, 𝑚𝑢 = 0.1 curve. In any event, one should bear in mind that, while the shape of each curve faithful
to the corresponding QSMA prediction, there is some uncertainty in the vertical placement of each curve relative to
the experimental results. Even then, the curves for 𝜇 = 0.2 resemble the measurements both in the low-amplitude,
power-law region and in capturing the large frequency shift observed at 1.0 in/s (12.7 mm).

(a) Contact Status at At 0.89 in/s (23
mm/s) or 0.18 mil (4.6 𝜇𝑚)

(b) Contact Status at At 1.2 in/s (31
mm/s) or 0.25 mil (6.4 𝜇𝑚)

(c) Contact Status at At 1.4 in/s (36
mm/s) or 0.29 mil (7.4 𝜇𝑚)

Figure 16: Evolution of stick and slip at the contact interface for the R=4000 model with 𝜇 = 0.2 when applying
QSMA for Mode 6 (first torsion mode).
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4.2.3. Mode 2 with 2000 lb Preload

The experimental data for Mode 2 showed considerably less nonlinearity at the 2000 lb (8900 N) preload. Even
then, for each measurement the damping versus amplitude showed a clear power-law trend, and the frequency showed
a clear decrease with amplitude. However, the absolute value of the damping tended to vary from one test to the next;
specifically, the power-law curves shifted up and down by as much as a factor of two from one test to the next. As
a result, data for several repeated trials is shown to illustrate the scatter in the data. The finite element mesh wasn’t
sufficient to predict the behavior of this mode to the lowest amplitudes that were measured, but one can assume that
the same power-law behaviour would continue to lower amplitudes.

Comparing these results with those in Sec. 4.2.1, one observes that as the preload increased, the differences between
the models became less severe. At this higher preload, changing the friction coefficient from 𝜇 = 0.6 to 𝜇 = 0.2

changed the damping by about a factor of two, bounding the experimental data. Once again the model with R=4000
gave very similar results to the Lowess-50 model. At this preload, the flat model over-predicts the damping, and the
data fell midway between either the R=4000 or Lowess-50 models for 𝜇 = 0.6 to 𝜇 = 0.2. Hence, one would expect
that either model would have captured the data well with 𝜇 ≈ 0.4. Note that the frequency curves in Fig. 17b were not
shifted as was explained in the previous section, so it is left to the reader to imagine how they would compare if they
had a common frequency asymptote. If such a shift was performed, then it seems that the Lowess-50 and R=4000
curves would once again correspond and would agree reasonably well with the measurements.
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Figure 17: Frequency and damping versus amplitude for Mode 2 at the 2000 lb (8900 N) preload for friction coefficients
𝜇 = 0.6 and 𝜇 = 0.2 for various surface profiles.
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4.2.4. Mode 6 with 2000 lb Preload

Mode 6, the first torsion mode, showed considerable nonlinearity even when the preload was increased to 2000 lb
(8900 N), as shown in Fig. 18a. The data showed a clear power-law trend for peak velocities ranging from about 0.05
to 0.5 in/s (1.2 to 12 mm/s). As was the case for this same mode at the 500 lb (2220 N) preload, the simulations that
used 𝜇 = 0.2 best predict the measured damping. All of the simulations predict that this mode will go into macro-slip
at amplitudes that are not too much beyond those that were tested.

The decrease in the natural frequency with amplitude is compared between the experiments and simulations in
Fig. 18b. As done previously for Mode 6 at 500 lb (2220 N) preload, the curves were shifted to have asyptotes near
zero percent frequency error. Doing so required shifting the curves such that the low frequency asymptotes for the Flat,
Lowess-50, 𝑅 = 2000, 𝑅 = 4000 and 𝑅 = 16000 models were respectively 887.43, 838.9, 828.67, 849.49 and 873.49
Hz. These differ somewhat from the linearized natural frequencies computed by Abaqus’s eigenvalue solver, which
were reported in Sec. 4.1, and the reason for this discrepancy is not known. The frequency shift for the three models
with 𝜇 = 0.2 agrees best with the experimental data; the same was true for the damping curves. The model with a flat
profile shows too much nonlinearity, as might be expected because its contact pressure is much less concentrated near
the bolt, and so there are regions that slip more easily. The models with 𝜇 = 0.6 show the correct behavior, but they
predict that the system will have to reach about five times higher amplitudes to reach the same frequency shift.
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Figure 18: Frequency and damping versus amplitude for Mode 6 (first torsion mode) at the 2000 lb (8900 N) preload
for friction coefficients 𝜇 = 0.6 and 𝜇 = 0.2 for various surface profiles.
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5. Conclusion

This work compared experimental measurements of the amplitude dependent natural frequencies and damping
ratios of a simple structure called the S4 Beam in order to seek to understand the extent to which a detailed finite
element model with Coulomb friction could capture the measured behavior. The only parameter tuned in the model
was the Coulomb friction coefficient, and so the simulations could be considered predictive or based on first principles.
To the best of the authors knowledge, this is the first study to seek to do so using finite element models with sufficient
resolution that the contact behavior can be clearly observed. Other works that have sought to do similar things have
used much coarser meshes, and as a result one would think that they are less predictive as each element averages over
an area where the contact pressure and/or slip status varies considerably.

The contact pressure at the interface was shown to be highly sensitive to the surface topology; a curvature that
causes the height to vary by only 0.15 to 0.25 mil (4 to 6 𝜇m) over the contact interface changed the contact pressure
dramatically and had a noticeable effect on how the natural frequencies varied with preload. However, various models
were studied in which the surface topology was approximated to varying degrees, and in the end one could capture the
relevant behavior with any model that approximated the interface geometry to a reasonable degree. It was surprising
that even the damping, which depends on slip at the edges of the interface, was not very sensitive to the surface
topography, even though the size and shape of the contact area changed significantly between the various models.
In the end, perhaps because the damping is the net effect of all of the slip that occurs, these differences seem to be
integrated out. This finding is highly encouraging, as in industrial applications it would probably be impractical to
measure each contact surface as was done here.

In terms of the nonlinear behavior of the joint, which included a slight softening of the joint and a significant
increase in damping with vibration amplitude, the comparisons showed that the FE model was able to match the
behavior of two Modes 2 and 6 (the first symmetric bending mode and the first torsional mode, respectively), each of
which stresses the interface in a very different manner. Furthermore, the behavior of these modes was well matched
at two different contact pressures. This was true if the friction coefficient of the stainless steel surfaces was 𝜇 = 0.2,
although the uncertainty in the damping was still as much as 100% (i.e. two times too small) in some cases. Several
sources report friction coefficients of around this value, so it appears that this type of model could be effective at
predicting the nonlinear damping of structures such as this.

Future works should seek to extend these findings to other structures, to build more confidence in the results.
It may also be interesting to see whether the finite element model can also predict coupling between the modes, as
elaborated in [32]. Additionally, even though QSMA sped up the computations dramatically for this structure, the
results presented here required thousands of CPU hours and in some cases the models would not converge. More
efficient methods still need to be developed to make these calculations viable for industrial use. A significant fraction
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of the computational expense was entailed in saving the mode shapes and mass matrix, importing those into Matlab
and using them to compute the load for QSMA; the process would be much more efficient and user friendly if this were
built into the native finite element code. Those operations could be readily performed in Nastran® using the DMAP
feature, and this capability has begun to be implemented in the Sierra package [49] developed by Sandia National Labs.
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