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Abstract: 

This work presents a new method for identifying models of nonlinear systems from experimental 

measurements.  The system is first forced to oscillate in stable periodic orbit, and then a small impulsive 

disturbance force is used to perturb the system slightly from that orbit.  One then measures the response 

until the system returns to the periodic orbit.  If the nonlinearities in the system are sufficiently smooth and 

the perturbation from the periodic orbit is sufficiently small, then one can linearize the perturbed response 

about the periodic orbit and approximate the system as linear time periodic.  One of a variety of methods 

can then be used to extract the time varying modal model of the system from the response.  The 

extracted modes can be used to construct a time periodic state transition matrix and state coefficient 

matrix, which describe the system’s nonlinear dynamics over a range of the states.  The resulting model 

for the nonlinear system encompasses that portion of the state space that is traversed by the system 

during its periodic orbit.   
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1. Introduction 

The methods used for identifying models of linear systems are quite mature, but many systems 

are inherently nonlinear.  In some situations, one can use linear theory to adequately approximate the 

nonlinear system.  However, linear theory cannot correctly describe some important phenomena that are 

exhibited by nonlinear systems.  For example, the flutter of airfoils due to aeroelastic effects [1] can lead 

to nonlinear hardening of jet engine-to-pylon connections causing catastrophic failure [2].  Likewise, when 

torque free satellites perform in-space attitude maneuvers they may respond unpredictably and 

uncontrollably (chaotically), a cataclysmic nonlinear phenomenon [3].  Power systems may exhibit strong 

voltage variability causing abrupt changes in nonlinear system dynamics (bifurcations) and potentially 

leading to systemic blackout [4].  These nonlinear phenomena cannot be predicted with linear theory or 

by linearly derived models.  Nonlinear models must be used to correctly predict the behavior of such 

systems. 

Many nonlinear systems are difficult to accurately model from first principles, so one would hope 

to characterize the system experimentally instead.  Various nonlinear system identification methods have 

emerged to attempt to extract mathematical models of nonlinear systems from measurements [2].  

However, with current methods it is difficult to extract meaningful information from measurements if the 

nonlinear system’s order is high or if the form of the nonlinearities is not known a priori.  For example, the 

Restoring Force Surface method and the Hilbert Transform are both effective time domain techniques for 

single degree of freedom systems with relatively complicated nonlinearities.  A few variations of these 

methods have been proposed for multiple degree of freedom systems, but several difficulties have been 

encountered.  Other techniques have been found to work well for multiple degree of freedom systems so 

long as one can assume a reasonable form for the nonlinearities in the system a priori.  Notable 

examples include Nonlinear Auto-Regressive Moving Average with eXogeneous input (NARMAX) and 

Nonlinear Subspace Identification [5], two time domain methods, and the Conditioned Reverse Path and 

Nonlinear Identification through Feedback of the Output (NIFO), two frequency domain methods.  More 

information can be found on these and other techniques in a few recent review papers [2, 6, 7].      

This work presents a new frequency domain method that overcomes some of these limitations.  

The method does not require one to guess the mathematical form of the system’s nonlinearities a priori 
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and it is potentially applicable to relatively high order systems.  The method is based on a linearization of 

the system of interest along a periodic trajectory.  Specifically, suppose that the system of interest 

exhibits a stable periodic limit cycle.  (In an experiment such a limit cycle might be obtained by driving the 

system periodically with an electromagnetic shaker.)  As elaborated in the following section, if the 

nonlinearities in the system are differentiable all along the periodic orbit, then one could expand the 

equations of motion in a Taylor series at each point along the orbit and obtain linearized equations of 

motion at each point.  Since the orbit is periodic, the parameters in the linearization will vary periodically 

with time.  The resulting linear time periodic (LTP) model will accurately describe the system’s response 

so long as it stays sufficiently close to the periodic orbit [8], and if this is the case then linear system 

identification techniques can be used to identify a linearized model of the system. 

Figure 1 outlines the proposed approach.  The system of interest is assumed to be oscillating in a 

stable periodic orbit.  A small perturbation is then applied causing response to deviate somewhat from its 

periodic orbit, but since the orbit is stable the response of the system eventually returns to the periodic 

orbit once again.  The response of the system is recorded as it returns to the orbit and this perturbation is 

the primary data used to perform system identification.  Since perturbations from the periodic orbit can be 

modeled using a linear time periodic system model, experimental identification techniques for  linear time 

periodic systems are used to extract the time-periodic modes of the system from the measurements.  In 

this work, the lifting method [9] is used together with the frequency domain Algorithm of Mode Isolation 

(AMI) [10] for this purpose.  For some systems the Stochastic Subspace system identification (SSI) 

method [11] may be preferred instead of AMI, so this approach is also explored here and found to give 

similar results.  Once the time-periodic modes have been estimated, the state transition matrix and state 

coefficient matrix of the linear time periodic system can be reconstructed, as described in a recent work 

by Allen [9].  Because the system was linearized about the entire nonlinear periodic orbit, the resulting 

state matrix describes the nonlinearities at each point in the state space that was visited during the 

periodic orbit.  This model can then be integrated to directly estimate the nonlinear functions that 

comprise the equations of motion over that region of the state space.  These nonlinear functions describe, 

for example, the nonlinear force-displacement relationships between the different nodes in the system. 
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Figure 1: Overview of the proposed nonlinear system identification technique. 
 

The rest of this paper is organized as follows.  First, the underlying nonlinear systems theory will 

be reviewed to elucidate the proposed method.  Then, linear time periodic system identification will be 

reviewed to explain how to interpret the measurements and extract the linearized time periodic model of 

the system.  The proposed method will then be demonstrated in Section 3 by applying it to simulated 

measurements of a Duffing oscillator excited in various periodic orbits.  The results are discussed and the 

conclusions summarized in Section 4. 

2. Theory 

A nonlinear dynamical system with state vector nx  is governed by the following differential 

equation where f is a nonlinear function defined on an open subset of n  that contains all the possible 

positions and velocities of the system.  The nonlinear function f describes how the state vector, the inputs, 

( ) pu t  , and time combine to influence the motion of the system.   

  , ,x f x t u  (1) 

In experiment, one usually measures a subset of the total states, and those measured responses 
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as families of solutions of the differential equation [12] for a certain input u.  A single solution curve is 

defined by its state vector at the initial instant, x0, and by tracing the flow 0( , )tX x u for a finite time from t0. 

Many important nonlinear systems inherently exhibit purely or nearly purely periodic motion, such 

as a helicopter rotor spinning at a constant rate, a wind turbine [13], or a human walking periodically [14-

16].  Many other nonlinear systems can be driven with a harmonic forcing function to respond in a 

periodic orbit.  When the motion can be accurately described as periodic with period T, then the flow 

contains a periodic orbit  and ( ) ( )x t T x t   for any state x  .  If an input is present, then 

( ) ( )u t T u t  . 

If a small disturbance is introduced to the system, such as by an input ( ) ( ) ( )u t u t u t   , then 

the state of the system, which previously was contained on the periodic orbit, may deviate from that orbit 

as ( ) ( ) ( )x t x t x t   .  Now suppose that f and g  are C1 (at least one-time continuously differentiable) 

nonlinear functions.  Then the system can be linearized about the periodic orbit by expanding Eqs. (1) and 

(2) in a Taylor series and neglecting higher order terms. 

 
i j i j

x u

i j i j
x u

x f dx x f du u

y g dx x g du u









         

         

  

  
 (3) 

The shorthand notation i jf x     is used for the Jacobian matrix meaning that the component 

in the ith-row and jth-column is the partial derivative of the ith component of f with respect to the jth 

component of x.  These equations give a linearized model for the system that is valid as long as the 

perturbation ( , )x u   is sufficiently small and the nonlinearities of the system are sufficiently smooth.  This 

linearized model can be written as a standard, linear time-varying (time-periodic) state space system 

model with 

 

( ) , ( ) ,

( ) , ( )

ij i j ij i j
x u

ij i j ij i j
x u
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C t g x D t g u






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           

           
. (4) 
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This model governs the dynamics of the system about the periodic orbit.  This work focuses on the case 

where the only input applied is ( )u t , which keeps the system in the periodic orbit, so ( ) 0u t  .  The 

response about the periodic trajectory, ( )x t , can then be described using the state transition matrix 

0( , )t t .   

 0 0( ) ( , ) ( )x t t t x t    (5) 

If the eigenvectors of 0( , )t t  are distinct and hence 0( , )t t  is diagonalizable, its state 

transition matrix can be represented using Floquet theory [9, 17-19] in summation form as  

 
 

     

0
0

1

T

0

( )( , ) ( )

( ) ( ) ( )

r
n

r
r

r rr

t tt t R t e

R t t t



 


 




 (6) 

where n is the order of the system and ( )
r

R t  is the rth residue matrix corresponding to the rth Floquet 

exponent r  and is composed of the product of the rth time periodic right Floquet eigenvector ( )r t  and 

rth constant left Floquet eigenvector  0( )
r

t .  These modal parameters, r  , ( )r t  and  0( )
r

t , allow 

one to understand and reconstruct the time periodic system, so these are the parameters that we seek to 

extract from measurements.  Allen suggested two techniques for extracting these parameters from the 

frequency spectrum of the free response ( )x t .  The first is called the Fourier Series Expansion technique 

and the second is called the Lifting technique.  The methods are briefly summarized here; further details 

can be found in [9]. 

2.1. Fourier Series Expansion technique 

The residue matrix  ( )
r

R t  in the previous equation is periodic because it is proportional to one 

of the periodic Floquet eigenvectors,  ( )
r

t , so it can be expanded in a Fourier series.  After expanding 

each of the residue matrices in a Fourier series, the state transition matrix can be written as 
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where  m r
B  is the mth Fourier coefficient matrix of the rth mode and 2T T   is the period frequency.  

To be exact, the Fourier expansion may require an infinite number of terms, but in practice a finite 

number of Fourier terms, m=-NB,…,NB, will provide sufficient accuracy [9, 20].  The equation above 

reveals that the free response of the time periodic system consists of n*(2*NB+1) complex exponential 

components r Tim  .  In the frequency domain each of these complex exponential terms gives rise to 

a peak in the spectrum, just as each underdamped mode in a linear time invariant (LTI) system gives rise 

to a peak in the spectrum.  So, the time periodic system appears to have n*(2*NB+1) modes when it 

actually has only n.  Once one understands this, one can inspect the frequency spectra of a time periodic 

system and determine which peaks correspond to each of the modes.  Certain peaks will stand out above 

the noise depending on the magnitude of the corresponding coefficient  m r
B .  This method can be used 

to construct each of the periodic mode vectors, but in practice it requires quite a bit of user intervention so 

the Lifting technique is usually preferred. 

2.2. Lifting technique 

It is often more convenient to use the Lifting technique to extract a set of time periodic modes 

from the response.  Specifically, let yj denote the jth sample of the response, or ( )jy t .  If the response 

has been sampled an integer P times per period over Nc periods, then one could create a response vector 

that is sampled only once per fundamental period.  For example, starting at the kth sample, one could form 

yk+mP for m ranging from 0 to Nc-1.  One could do the same for each possible starting instant k = 0…P-1.  

The lifted response vector, Ly , is merely a collection of these sampled-once-per-period responses for all 

possible starting instants [9].  So, the mth sample of the lifted response vector is denoted L
my  and is given 

by the following. 

 
TT T T

0 1 1, , ,L
m mP mP P mPy y y y        (8) 
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Allen showed that the lifted free response can be written as follows, 

  
1

n
L Ld
m r

r

rmTy R e



  (9) 

 where  Ld

r
R  is the residue vector of size P times the number of outputs of the response, y.  One 

should note that  Ld

r
R accounts for the delay between the initial time and the kth time instant as 

discussed in [9].  This equation has only one exponential term for each mode of the time periodic system, 

so it is directly analogous to the free response of a linear time invariant system.  Hence, one can use 

standard linear time invariant system identification methods to identify a parametric model for the system.  

Once  Ld

r
R  and r have been obtained one can always use the discrete Fourier Transform to compute 

the Fourier coefficients,  m r
B , of a Fourier series model from  Ld

r
R .  Once the Fourier coefficients are 

known, the state transition matrix can be reconstructed using Eq. (7) and the method described in [9, 21] 

can be used to reconstruct the time varying state coefficient matrix, A(t). 

3. Application to a Duffing Oscillator  

All of the theory developed in the previous section is applicable to systems of arbitrary order.  As 

with linear time invariant systems, additional modes appear in the response as the system order is 

increased, but otherwise the procedure does not change.  This section demonstrates the proposed 

system identification methodology on a simple single degree of freedom system, shown in Figure 2.  The 

same procedure could be used with a multiple-degree of freedom system once the concepts presented 

here are understood.  The system in Figure 2 has a discrete mass m with displacement degree of 

freedom x.  The mass is connected to a dashpot with damping coefficient c and to a linear spring with 

spring stiffness k and a nonlinear spring with spring constant k3.  External forcing is applied with Fext.   
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Figure 2: Single degree of freedom oscillator with a nonlinear spring. 
 

The nonlinear spring provides quadratic nonlinear spring stiffness 2
3k x , so the total restoring force of the 

springs is the following. 

 3
3spf kx k x   (10). 

The equation of motion for the Duffing oscillator is given by 

 3
3 extmx cx kx k x F      (11). 

which becomes the following in state space form after dividing through the entire equation by m and 

defining the parameters 2 c m  , 2 k m  , 2
3 3k m  , and extF F m  where  is the coefficient 

of critical damping.    

 2 2 3
32

xx

x x x Fx   
  

         




 (12) 

The parameters used in this study are: =0.01, =1, and 3=0.5.  The system is driven with the 

following forcing function 

   sin( ) ( )dF t A t f t    (13) 
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where A is the harmonic forcing amplitude and  is the harmonic driving frequency.  The force fd is 

included to provide a disturbance to system.  With the chosen parameters and when the harmonic forcing 

is large, the Duffing oscillator is known to exhibit a number of important nonlinear phenomena such as 

spring hardening effects ([22] pages 161-170), superharmonic resonances ([22] pages 175-179), and 

regions where multiple periodic solutions are possible, some of which may be unstable.  Before the 

influence of these nonlinear phenomena is explored, the method will be applied to a straightforward 

situation where the system is excited near resonance, in order to show how the proposed system 

identification technique is implemented. 

3.1. Excitation Near Resonance 

For the first forcing configuration, the system was excited just below the linear resonance 

frequency.  The initial position and velocity for the Duffing oscillator were chosen from a nonlinear 

frequency response function which was calculated with a recently developed numerical continuation 

algorithm for harmonically forced nonlinear systems [23].  The chosen initial conditions of the Duffing 

oscillator were  T,x x = [-0.0069, 0.8460]T for a forcing frequency of = 1.0359 rad/s and amplitude 

A=0.05.  One can verify that these conditions are from a stable periodic orbit by integrating the equations 

of motion to show that x(T) = x(0).  The Monodromy matrix [19] of the system was calculated about this 

periodic orbit and its eigenvalues  were used to calculate the Floquet exponents,  an=-0.010.0620i, and 

the natural frequency, |an|=0.0628 rad/s, of the periodic orbit. The damping coefficient of the time periodic 

mode is Re(-an)/| an|=0.1593.  The exponents have negative real parts and therefore the periodic orbit is 

stable [12, 19, 24]. 

Using the stable periodic orbit conditions, Eqs. (12) and (13) were used to simulate the nonlinear 

response of the Duffing oscillator using MATLAB’s Runge-Kutta (ode45) direct time integration routine.  

The first integration was applied with only the harmonic forcing, (fd=0), and was used to simulate the 

periodic response ( )x t .  The solution was evaluated with a sampling frequency of approximately 

fsamp=5.28 Hz, which results in 32 samples per cycle of the harmonic response.  A second integration was 

then performed with fd applied in addition to the harmonic forcing to perturb the system from its steady 
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state trajectory.  A half-sine was used for the disturbance force, 

   2
sind df t A t

 
 

   
 

 (14) 

where Ad is the amplitude of the pulse and   is the duration, with Ad=2000 and  =0.01.  Both the 

perturbed response and the periodic response were evaluated for a time window containing 204 full 

cycles of the harmonic response frequency.  This allowed sufficient time for the impulse response to 

decay to a negligible value, leaving only the steady state response ( )x t .  Figure 3 shows the time 

responses of the simulation.  The top panes (a and b) contain the periodic response, ( )x t , (dashed red) 

and the periodic response plus the perturbation, ( ) ( ) ( )x t x t x t   , (solid black) immediately after the 

disturbance was applied (a) and at the end of the time window (b).  The lower pane (c) contains the 

difference signal, ( )x t , found by subtracting these two signals.  The perturbation is clearly small relative 

to ( )x t . 

 



 Prepublication Manuscript for MSSP Sracic and Allen Page 12 of 35

0 5 10 15 20 25
-1

-0.5

0

0.5

1

time, s
(a)       

D
is

p

Early Time Response

 

 

575 580 585 590 595 600
-1

-0.5

0

0.5

1

time, s
(b)       

Late Time Response

 

 

x
Perturbed

xPeriodic

0 100 200 300 400 500 600
-0.2

0

0.2

time, s
(c)       

D
is

p

Approximate Linear Time-Periodic (LTP) Response

 

 

x
LTP Approx

 

Figure 3: Response of the system when excited by both harmonic (=1.0359 rad/s and 
A=0.05) and impulsive excitation.  Plots (a) and (b) provide the early and late time history, 

respectively, of the periodic response (dashed red) and the perturbed response (solid 
black).  Plot (c) is the resulting linear time periodic response found by subtracting the two 

signals in (a) and (b). 
 

Figures 4 and 5 contain the spectra of the responses, with Figure 5 showing an expanded view of 

the low frequency band from 0 to 4 rad/s.  The solid red curve corresponds to the Fast Fourier transform 

(FFT) of the nonlinear response, ( )x t , and the dashed black curve is the spectrum of the linear time 

periodic response, ( )x t , which is the difference between ( )x t  and the periodic trajectory ( )x t . 
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Figure 4: Frequency spectra of the response of the Duffing oscillator with =1.0359 rad/s 
and A=0.05.  The solid red curve corresponds to the full nonlinear response.  The dashed 

black curve is the frequency spectrum of the linear time periodic signal, which is the 
difference between the nonlinear response and the periodic trajectory. 
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Figure 5: Plot of the same frequency spectra as Figure 4 focusing on the low frequency 
range 0 to 4 rad/s.   

 

All of the peaks in the spectra can be readily interpreted in light of the linear time periodic system 

theory presented in Section 2.  The nonlinear response contains a dominant sharp peak at the frequency 

 max ( )X 

 max ( )X 
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of the periodic orbit, 1.04 rad/s, as well as several others at the odd harmonics of the orbit frequency, 

3.12, 5.2, 7.28, and 9.36 rad/s.  These peaks manifest the nonlinear periodic response ( )x t , and 

disappear when the linear time periodic response is found using ( ) ( ) ( )x t x t x t  .  Since the periodic 

response only appears at a discrete set of frequencies, one could skip this step and simply ignore all of 

the frequencies where ( )x t  is dominant.  In any event, the rest of the spectrum contains several other 

peaks that have the usual shape of linear modes, for example at 0.98, 1.1, 3.06, and 3.18 rad/s.  These 

peaks are all separated by integer multiples of the drive frequency, =1.0359 rad/s, (the negative 

frequencies -3.06 and -0.98 Hz reflect to positive frequencies), so according to Eq. (7), all of these peaks 

are manifestations of the same linear time periodic mode.  No other peaks are visible in the spectrum, so 

one can surmise that the system responsible for the response ( )x t  has one degree of freedom and is 

significantly time periodic.  Since each of the peaks has the distinct shape of a linear mode, there is some 

assurance that the observed effects are evidence of time periodicity and not just noise or some other 

anomaly. 

Further insight can be obtained by applying the lifting technique to the linear time periodic 

response.  This splits the time signal ( )x t  into 32 pseudo-linear time invariant responses since there 

were 32 samples per cycle of the periodic orbit, and each of the pseudo-responses has one sample per 

period.  Figure 6 below shows a composite FFT (or average of the magnitude) of the 32 pseudo-

responses (solid black line).  The composite FFT contains one strong peak at 0.06 rad/s, revealing that 

there is only one strongly excited mode in this linear time periodic response.  The Algorithm of Mode 

Isolation [10] was used to identify that mode’s parameters from the lifted response.  The composite FFT 

was reconstructed using the modal parameters identified by AMI and is shown in Figure 6 with a dashed 

red line.  The dash-dot gray curve corresponds to the difference between the measured response and the 

reconstruction, revealing that the one-mode reconstruction captures the response very well.  AMI 

identified an eigenvalue of 1=-0.0097+0.0617i (the Floquet exponent), whose corresponding natural 

frequency |1|=0.0624 rad/s and a damping ratio, Re(-1)/|1| = 0.1557, are within 1% and 3%, 

respectively, of the analytical values. 
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Figure 6: Composite FFT of 32 pseudo-responses found by applying the lifting method to 
the linear time periodic response (solid black), reconstructed composite FFT identified by 
AMI (dashed red), and composite FFT of the difference between the measurement and 

the reconstruction (dashed-dot gray). 
 

The AMI algorithm estimates the residue vector,  Ld

r
R  in Eq. (9), from the measurements.  This 

is related to the periodic mode shape over one cycle, as explained in Section 2.  The methods in [9] can 

now be used to compute the state transition matrix and the state coefficient matrix.  The first step in that 

procedure is to expand the identified linear time periodic mode vector in a Fourier series and discard any 

spurious high frequency terms.  Figure 7 shows the amplitudes of each of the coefficients in the Fourier 

series expansion of the mode vector.  The open blue circles are all of the coefficients in the expansion 

and the red dots are the coefficients that will be retained and used to compute the state matrix.  The (2,1) 

and (2,2) terms of the resulting A(t) matrix correspond to the instantaneous stiffness and damping, 

respectively, of the system at each point within the periodic orbit.  These parameters are plotted versus 

time in Figure 8 with open blue circles for the stiffness term and red asterisks for the damping term.  An 

analytical A(t) matrix was also calculated using the known equations of motion and the (2,1) and (2,2) 

terms are also shown with solid blue and red lines. 
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Figure 7: Fourier series expansion of the linear time periodic model.  (open blue circles) 
Fourier coefficients of the identified mode.  (solid red circles) Dominant Fourier 

coefficients that were retained when creating A(t) and (t,t0).   
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Figure 8: Components of the state coefficient matrix that correspond to the instantaneous 
stiffness (component (2,1)) and damping (component (2,2)) of the system for an entire 

periodic orbit (=1.0359 rad/s and A=0.05).  
 

In order to see whether the results were dependent on the system identification routine used, the 

Stochastic Subspace system identification routine (specifically, the Matlab implementation that is provided 

with the text by Van Overschee and De Moor [11]) was also applied to the lifted response in the time 
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domain.  SSI identified the eigenvalue for the system and the lifted residue vector,  Ld

r
R  in Eq. (9).  

These were then processed exactly as were the AMI results and used to reconstruct the state matrix.  

The stiffness and damping terms in A(t) obtained from the SSI results are also shown in Figure 8, plotted 

with black squares and black diamonds, respectively.  The models based on identification from AMI and 

from SSI both agree very well with the analytical model for the stiffness.  The stiffness term changes 

significantly with time, varying by 50 percent over the periodic orbit.  The model for damping is essentially 

constant and corresponds to the nominal damping value of =0.01. 

 Since the periodic orbit ( )x t  was measured, it can be used with the identified A(t) matrix to plot 

the instantaneous stiffness in the system versus the displacement and to generate the force-displacement 

curve for the system.  Figure 9 shows a plot of the nonlinear stiffness which varies quadratically with the 

displacement of the system by 50 percent throughout the periodic orbit.  The instantaneous stiffness can 

be integrated with respect to the measured displacement for each instant in the periodic orbit in order to 

obtain the force-displacement curve for the system.  The resulting force-displacement curve is plotted in 

Figure 10, revealing that the force-displacement relationship is cubic.  If desired, one could fit a cubic 

polynomial to this curve to estimate k and k3, or this curve could be used directly to simulate the response 

of the nonlinear system.  The inset plot shows a detailed view of the force-displacement curve at the 

extreme end of its range.  In both Figures 9 and 10, the open blue circles are the values obtained by AMI, 

the open black squares are the values calculated from the identified SSI model, and the blue lines are the 

analytical results.  The values found using the frequency-domain AMI algorithm agree well with those 

obtained by the time-domain SSI algorithm and both agree well with the analytical results, so for these 

simulated measurements either could be used. 
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Figure 9: Stiffness versus displacement identified using the proposed method with AMI 
(circles), with SSI (squares), compared with the analytical stiffness-displacement curve 

(line) (=1.0359 rad/s and A=0.05).   
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Figure 10: Force displacement curve for the Duffing oscillator system (=1.0359 rad/s 
and A=0.05): proposed method with AMI (circles), SSI (squares), and the analytical force 

displacement (line).   
 

Discussion 

The Duffing oscillator was excited at a single frequency, =1.0359 rad/s, yet in Figures 4 and 5 

one can see that it responds at integer multiples of this frequency as well, so the nonlinearity is certainly 

active.  That periodic response is subtracted to obtain ( )x t , which we presume to be well approximated 
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as linear time periodic.  The response of the system before lifting, shown in Figure 5  contains several 

peaks.  The largest peak is at 1.1 rad/s, so it can be attributed to the time periodic mode and one would 

take 1 1.1rad/s  .  If the system were linear then its linearization about the limit cycle would not 

depend on time and only this peak would occur.  However, this system is nonlinear and hence its 

linearization is time periodic giving rise to several other peaks in the response corresponding to 

1 Tim   as explained by Eq. (7).  The peak at 0.98 rad/s just to the left of the zero harmonic is the 

negative second harmonic term which would appear at 1.1 rad/s – 2*1.04 rad/s = -0.98 rad/s, but it folds 

back to +0.98 rad/s.  The peak at 3.18 rad/s is the positive second harmonic of the mode at 1.1 rad/s + 

2*1.04 rad/s = 3.18 rad/s, and so on.  One should also note that if the system was purely linear, one 

would expect the zero harmonic frequency content to occur at the linear natural frequency of 1 rad/s 

instead of at 1.1 rad/s, but for a time periodic system the response peaks at the Floquet exponent, which 

is usually not equal to the natural frequency of the linearized system.  All of this information could be used 

to construct a time periodic model for this system’s mode using the information in Figure 5, but as was 

mentioned in Section 2, it is much more convenient to first lift the measurements. 

The spectra that result after applying the lifting technique are much simpler to interpret and show 

only one peak for this single-degree-of-freedom system.  The composite spectrum contains only one 

strong peak and AMI fits a single mode to the peak with a natural frequency of 1 0.0624 rad/s  .  This is 

an alias of the dominant frequency at 1.1 rad/s in Figure 5, as expected because the lifting technique 

resamples the measurement once per period, changing the effective bandwidth of the signals.  The 

aliasing is of little consequence because the aliased Floquet exponent provides a perfectly valid 

description of the linear time periodic system.  The model identified by AMI was then used to reconstruct 

the state matrix and eventually the force-displacement relationship of this nonlinear system.  It is 

significant to note that the entire identification was performed without having to assume the functional 

form of the restoring force a priori.  The only assumption was that the periodic orbit was stable and that 

the response could be approximated as linear time periodic about that orbit.   
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3.2. Effect of other Excitation Configurations 

Using this method, one is able to identify a nonlinear model for a system about its entire periodic 

orbit, whereas a traditional approach would identify a linearized model that is valid near a single 

configuration of the system.  The periodic orbits and response of a nonlinear system depend strongly on 

several factors including the drive force amplitude and frequency and impulse force amplitude and 

duration, and it is therefore necessary to consider how different forcing configurations affect the nonlinear 

identification proposed here.  This was explored by computing the nonlinear frequency response of the 

Duffing oscillator for a few harmonic forcing amplitudes using the methods in [23].  The result for 

harmonic forcing amplitude A=0.1 is shown in Figure 11 where each point on the curve represents a 

stable (solid curves) or unstable (dashed curve) periodic orbit.  The figure clearly shows a superharmonic 

resonance peak and the spring hardening region (shaded region), which is also the region where multiple 

periodic orbits are possible for a single forcing frequency.  In the previous section, it was shown that the 

identification could be applied successfully when the system was excited in a region just below resonance 

(with harmonic forcing amplitude A=0.05), and the corresponding region for A=0.1 is labeled below.  In 

Sections 3.2.1-3.2.3, the identification will be explored for two orbits in the region where multiple solutions 

are possible, MS Orbit 1 and MS Orbit 2 in Figure 11, for a Superharmonic orbit that would be located on 

a Superharmonic resonance similar to that labeled in the figure, and for excitations that exhibit period 

lengthening effects (such as period doubling, [12] pages 70-91).  
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Figure 11: Spring hardening nonlinear frequency response with superharmonic 
resonance for harmonic forcing amplitude A=0.1. 

3.2.1. Excitation Producing Multiple Well-Separated Orbits 

As mentioned previously, this system has different types of periodic solutions depending on the 

forcing frequency.  In the shaded region of Figure 11, there are three possible responses for a single 

forcing frequency, one of which is unstable.  Although it cannot be realized in experiment, an unstable 

periodic orbit can be simulated.  This configuration would certainly not be suitable for identification by this 

method, because the response of the system would not return to the unstable periodic orbit after being 

perturbed, but would jump to a nearby stable periodic orbit.  When multiple stable periodic orbits are 

possible for a single forcing, the identification can theoretically be performed using any of the periodic 

orbits, presuming that the perturbations are small enough to keep the response of the system close to the 

originating orbit.   

This was explored using a drive frequency and amplitude of Ω = 1.3566 rad/s and A = 0.1, which 

is a configuration that has stable periodic orbits that can be initiated from  T,x x = [-0.0039, -0.1622]T 

(Multiple Solutions orbit 1) and  T,x x = [-1.2019, 2.402]T (Multiple Solutions Orbit 2).  Figure 12 shows 

the state space portraits of the two stable periodic orbits for this forcing configuration.  The response in 

Multiple Solution Orbit 2, shown with the dashed black curve (MS Orbit 2), has much greater amplitude 

than that of Multiple Solution Orbit 1 shown in blue (MS Orbit 1). 

MS Orbit 1 

MS Orbit 2 Superharmonic Resonance 

Excitation Near Resonance 

Spring Hardening 
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Figure 12: State space portraits of two stable periodic orbits that exist for a forcing 
frequency Ω = 1.3566 rad/s at forcing amplitude A=0.1. 

 
Following the exact same procedure as in Section 3.1, the state coefficient matrices were 

identified for both these periodic orbits.  The stiffness terms are shown in Figure 13 with the values for the 

MS Orbit 1 plotted with filled blue squares, the values for MS Orbit 2 plotted with open blue circles, and 

the values from the analytical model plotted with blue lines. The force displacement relationship was 

constructed for each identified model and those curves are shown in Figure 14.  The inset plot shows a 

detailed view of the curves near the origin.  The identified system for the MS Orbit 2 is significantly time 

periodic, since the stiffness varies over the period by 450% of the initial stiffness value, while the system 

for MS Orbit 1 is approximately linear time invariant.  As a result, the force-displacement curve for MS 

Orbit 2 is very nonlinear, while the force displacement curve for MS Orbit 1 is very linear and only 

captures the force-displacement relationship over a small range.  Both of the identified models compare 

very well to their corresponding analytical state coefficient models, verifying that the proposed 

identification method works even when the input produces multiple periodic orbits that are stable and well 

separated. 
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Figure 13: Components of the state coefficient matrix that correspond to the 
instantaneous stiffness of the system for an entire periodic orbit for MS Orbit 1 and 2 

(=1.3566 rad/s and A=0.1). 
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Figure 14: Force displacement curves for the MS Orbits 1 and 2 (=1.3566 rad/s and 
A=0.1). 

3.2.2. Superharmonic Resonance 

Nonlinear systems such as this may also exhibit superharmonic resonance, where an excitation 

at some fraction of the linear natural frequency excites a resonant response.  This type of orbit could also 
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be used to perform the proposed system identification.  This was explored for the Duffing oscillator using 

an amplitude of A=1 and a driving frequency of Ω=0.3934 rad/s, which corresponds to a Superharmonic 

orbit where the drive frequency is near one third of the linear natural frequency [22] of 1 rad/s. The initial 

conditions  Tx x = [-0.5695, 1.1170]T were used as the starting point when computing both the periodic 

and perturbed responses.  The same impulsive forcing conditions were used.  The solutions were 

evaluated with a sampling frequency of approximately fsamp= 2.76 Hz, which results in 44 samples per 

cycle of the harmonic response.  Both responses were evaluated for a time window length containing 614 

full cycles of the harmonic response frequency.  Figure 15 shows the time responses of the 

Superharmonic orbit in the same format as Figure 3.  The time histories show that the resulting periodic 

and perturbed responses contain at least two prominent frequencies. 
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Figure 15: Response of the nonlinear Duffing oscillator excited by harmonic (=0.3934 
rad/s and A=1) excitation near a superharmonic resonance and impulsive excitation.  
Plots (a) and (b) provide the early and late time history, respectively, of the periodic 

response (dashed red) and the perturbed response  (solid black).  Plot (c) is the resulting 
linear time periodic response obtained by subtracting the two signals in (a) and (b). 

 

The lifting technique was applied and the 44 lifted responses were processed with AMI.  AMI 
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identified an eigenvalue of 1=-0.0079 + 0.0343i, a natural frequency of |1|=0.0352 rad/s, and a damping 

ratio of Re(-1)/|1| =0.2243 for the linear time periodic system.  The Fourier series expansion method 

was then applied to the extracted mode.  Figure 16 shows amplitudes of each of the coefficients in the 

Fourier series expansion of the mode.  The open blue circles are all of the coefficients that were identified 

from the lifted response and the red dots are the coefficients of expansion terms that were retained when 

computing A(t).   
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Figure 16: Fourier Series expansion of the linear time periodic model from the 
Superharmonic orbit (=0.3934 rad/s and A=1).  (open blue circles) Fourier coefficients 

of the identified mode.  (solid red circles) Dominant Fourier coefficients that were kept for 
the model.   

 

Figure 16 shows that at least 10 terms are dominant in the Fourier expansion of the mode shape.  

The state transition and state coefficient matrix were constructed using these 10 terms.  Figure 17 shows 

the stiffness and damping terms in the state coefficient matrix that were identified by the proposed 

method.  The Stochastic Subspace system identification and the analytical results are also shown.  The 

identified damping term is nearly constant with some small variations about the nominal damping value.  

The stiffness of the system is highly time periodic, varying by up to 250% of its initial value.  It also varies 

in a more complicated way than it did in Figure 8, since the periodic orbit is more complicated.  Both the 

stiffness and damping coefficients identified with the proposed frequency domain technique and the SSI 

method compare very well to the analytical results.   
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Figure 17: Components of the state coefficient matrix that correspond to the 
instantaneous stiffness (component (2,1)) and damping (component (2,2)) of the system 

for the Superharmonic orbit (=0.3934 rad/s and A=1).  
 

Figure 18 shows the identified instantaneous stiffness coefficient plotted versus the displacement 

of the system and Figure 19 shows the force-displacement curve reconstructed from this result.  The 

analytical and SSI results are shown for comparison.  These results show that although the stiffness of 

the system varies with time in a much more complicated way, the stiffness versus displacement 

relationship still follows a quadratic relationship and the restoring force is cubic as before.  It is noteworthy 

that such a drastically different periodic orbit could give a result that is so similar to that obtained from the 

much simpler orbits that were studied in Sections 3.1 and 3.2.1. 
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Figure 18: Displacement varying terms from the estimated (circles) and analytical A(t) 
(line) matrix plotted versus the displacement for the Superharmonic orbit (=0.3934 rad/s 

and A=1).   
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Figure 19: Force-displacement curve for the A(t) matrix plotted versus the displacement 
for the Superharmonic orbit (=0.3934 rad/s and A=1).   

 

3.2.3. Effect of Period Lengthening 

Several texts on nonlinear systems theory mention the fact that a system with a stable periodic 

orbit can sometimes respond with a period that is longer than that of the input.  Typically, as some 

parameter such as the forcing amplitude is increased, one observes that the fundamental frequency of 
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the response, which is initially Ω, first becomes Ω/2, then Ω/3, etc… so that the fundamental period of the 

orbit doubles, then triples, etc… [12, 25].  This would certainly affect the proposed system identification 

strategy, so it deserves consideration, even if this type of behavior is difficult to predict analytically.  
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Figure 20: FFT spectrum of perturbed nonlinear response of the period tripled limit cycle 
of the Multiple Solutions Orbit 2.   

 

The authors have observed period lengthening when simulating identification of the Duffing 

system.  For example, this was observed in Multiple Solutions Orbit 2 from Section 3.2.1.  Figure 20 

shows the frequency spectrum of the simulated periodic plus perturbation response for that case.   As 

was noted for the spectrum shown in Figure 4, the response spectrum has sharp peaks at the input 

frequency, Ω=1.356 rad/s and its third harmonic, 3Ω=4.068rad/s, and also shows the presence of the 

linear time periodic mode at 1.27, 1.44, 3.98, and 4.15 rad/s.  However, this spectrum also shows several 

other peaks.  The lowest appears at 0.452 rad/s and all of the others are integer multiples of this 

frequency: 2.260, 3.164, and 4.972 rad/s.  Relative to the drive frequency, 0.452 rad/s is Ω/3 and the 

other frequencies are (5/3)Ω, (7/3)Ω and (11/3)Ω.  This spectral content could only be present if the 

response of the system has a period that is three times as long as the period of the forcing, revealing that 

this is a case of period-tripling.  One could account for this in the proposed identification scheme by 

simply noting that the period of ( )x t  is actually three times longer than the period of the input.  All other 
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steps in the proposed identification algorithm could remain the same.  However, it is also possible the 

new length 3T periodic orbit remains very close to the original length T orbit even though the period has 

lengthened and if this is the case then one might be able to ignore the fact that the period has 

lengthened. 

To investigate this, the phase portrait of the orbit is plotted in Figure 21 over many cycles of the 

response.  Surprisingly, this appears to be the same as the original length T limit cycle.  Closer inspection 

reveals that there are actually three curves, as illustrated by the two inlaid plots.  These curves could be 

traced around the phase plane, revealing that one must complete three loops before the response 

repeats itself.  However, these curves always remain very close to the original length T orbit.  Since the 

state of the system is practically the same at each point along the length T and length 3T orbits, one can 

ignore the period lengthening in this case and process the measurement as described in the previous 

section.  However, if one takes this approach, then the Ω/3 (or, in general, Ω/N) harmonics in the 

spectrum would not be removed when subtracting ( )x t  from the measurements.  They should be ignored 

when performing system identification since they are a property of the orbit and not of the time periodic 

approximation about that orbit.  If this is done, good results can still be achieved as was shown in Section 

3.2.1. 
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Figure 21: State space portrait of the period tripled limit cycle of the Multiple Solutions 
Orbit 2 after the perturbation was applied. 
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3.3. Effect of Excitation and Perturbation Amplitudes 

As explained in Section 2, the time periodic model that this method is based upon is only valid if 

the system remains near the periodic orbit.  However, the periodic orbit dictates the range of the 

measurement sensors, so one would like make the perturbation as large as possible to assure that it is 

not buried in measurement noise.  Furthermore, the previous sections have shown that the excitation 

affects the complexity of the time periodic model, dictating the number of harmonics that must be 

extracted from a measurement to adequately characterize the system.  This section explores these issues 

for the Duffing system by varying the periodic orbit and the perturbation from that orbit and evaluating the 

effect on the identified time periodic model. 

The strength of the perturbation from the periodic orbit is quantified by computing the ratio of the 

amplitudes of the response and the perturbation in the frequency domain, which is denoted   

 
 
 

max ( )
100

max ( )

X

X






 
 
 
 


 (15) 

where the capital letters X  and X  denote that these are the Fourier transforms of ( )x t  and ( )x t  

respectively and multiplication by 100 makes   a percentage.  This is illustrated in Figure 5. 

The complexity of the time periodic system model can be characterized by the Fourier coefficients 

of the time-periodic mode shape (e.g. those shown in Figures 7 and 16).  The relative amplitudes give a 

measure of the complexity so these are denoted Bn for any integer n.  The simplest possible model for the 

system about the limit cycle is a time invariant one, where B0 =1 and Bn =0 for all other n.  The coefficients 

for n0 generally become larger as the complexity of the time periodic system model increases, as was 

illustrated in Sections 3.1 and 3.2.2. 

These metrics were calculated for forcing amplitudes A=0.01 and 0.1 in Eq. (13), forcing 

frequencies Ω=0.3802 and 0.9868 rad/s, and perturbation magnitudes that gave  =0.5% and 2%.  Table 

1 provides the results.  The two driving frequencies considered are near one third the linear natural 

frequency and just below the linear natural frequency, similar to those that were found to produce good 

results in Sections 3.1 and 3.2.2.  The top block labeled (a) gives the results for driving force amplitude 



 Prepublication Manuscript for MSSP Sracic and Allen Page 31 of 35

A=0.01 while the bottom block corresponds to A=0.1.  The relative amplitudes of the Fourier coefficients 

B-2, B0 and B2 are shown for each case.  These were obtained by applying a curve fit to the lifted spectrum 

as described in the previous sections and then finding the ratio of the Fourier coefficient amplitudes.  The 

analytical Fourier coefficients were also calculated for each case and are shown. 

(a) A=0.01 

  Ω = 0.3802 rad/s Ω = 0.9868 rad/s 

 (%) Analytical 0.5% 2.0% Analytical 0.5% 2.0% 

B-2 0.0000 0.0001 0.0000 0.1141 0.1124 0.1018 

B0 1 1 1 1 1 1 

B2 0.0000 0.0002 0.0001 0.0014 0.0020 0.0035 

(b) A=0.1 

  Ω = 0.3849 rad/s Ω = 0.9821 rad/s 

 (%) Analytical 0.5% 2.0% Analytical 0.5% 2.0% 

B-2 0.0027 0.0027 0.0030 0.2337 0.2316 0.1905 

B0 1 1 1 1 1 1 

B2 0.0012 0.0010 0.0019 0.0123 0.0123 0.0080 
Table 1: Fourier coefficients of the identified linear time periodic mode for various drive 

amplitudes, A, frequencies, Ω, and perturbation amplitudes, .  The results show that the 
Fourier coefficients begin to differ from the true, analytical values if the perturbation 

amplitude is too large. 
 

When A=0.01 and Ω=0.3802 rad/s the response is almost purely linear and the only significant 

Fourier term is the linear term (B0).  The Fourier coefficients for both low (=0.5%) and larger (=2%) 

deviation from the periodic orbit are less than 0.0002, so the identification procedure would apparently be 

accurate under these conditions, although not all that useful since the nonlinearity is not well excited.  

When the excitation frequency is increased to Ω=0.9868 rad/s, the B-2 harmonic is approximately 11% as 

strong as the dominant term indicating that the nonlinearity is active.  When the perturbation amplitude is 

=0.5%, the B-2 and B2 coefficients are identified within 0.002 and 0.0006 of the analytical values, 

respectively.  However, when the perturbation is increased to =2%, the identified Fourier coefficients 

differ from the true values by more than 0.01 and 0.002 respectively.  Even at this level of , the 

reconstructed force-displacement curves were still reasonable which shows that the method is quite 

robust to errors in the identified Fourier coefficients. 

Increasing the magnitude of the driving force to A=0.1 increases the coefficients B-2 and B2 for all 

of the cases, indicating that the nonlinearity is more active and so the time-periodic approximation is more 

complicated.  In all of these cases, when the perturbation amplitude is small, =0.5%, the Fourier 
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coefficients are accurate to within 0.0021 for B-2 and 0.0002 for B2.  When the perturbation amplitude was 

increased to =2%, the errors in the coefficients increase to 0.04 and 0.004 respectively.  For this system 

it seems that the perturbation amplitude must be about 0.5% or less in order to accurately identify a time 

periodic model for the system.  Hence, fairly accurate sensors will be needed to apply this method in 

practice. 

4. Conclusions 

This work presented a new experimental system identification method that is based on linearizing 

a nonlinear system about a periodic orbit, measuring the perturbation of the system from that orbit and 

identifying a linear time periodic model for the perturbed dynamics.  The main advantage of the method is 

that it characterizes the system’s nonlinearity non-parametrically, so there is no need to assume the 

functional form of the nonlinearity a priori.  Also, linear system identification techniques can be used to 

identify the time-periodic model, greatly simplifying the interpretation of the measurements and 

identification of the system parameters. 

The method was evaluated by applying it to simulated measurements of a single degree-of-

freedom system with a cubic nonlinearity.  The following observations were made. 

 Identification was successful under a broad range of excitation frequencies and amplitudes, so 

long as the amplitude of the periodic orbit was large enough to exercise the nonlinearity. 

 Some periodic orbits are more complicated than others, for example when the system is excited 

at a superharmonic resonance.  This makes the underlying linear time periodic model more 

complicated as well, perhaps increasing the chance that an important harmonic might be missed, 

but the cases studied here still seemed to produce good results. 

 One forcing configuration was observed, in a region where multiple responses were possible for a 

single forcing frequency, where the system’s response had a larger period than the input.  Even 

in this case, the system was accurately identified because the lengthened orbit remained close to 

the original orbit. 

 The linear time periodic approximation is only accurate if the system’s response remains very 

close to the periodic orbit.  For the system studied here, adequate results were obtained if the 
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amplitude of the perturbation was less than 0.5% of the periodic orbit amplitude.  Hence, fairly 

accurate sensors will be needed to implement the method experimentally. 

The identification extends very naturally to higher order systems.  As demonstrated here, the 

measurements are easy to interpret in the frequency domain, and as with familiar time invariant systems, 

additional degrees of freedom simply manifest themselves as additional peaks in the spectra.  The 

system identification routines used to extract the time periodic modes can readily accommodate 

measurements with relatively large numbers of modes.  On the other hand, higher order systems can 

exhibit even more complicated periodic orbits, so one will have even more freedom in selecting the 

optimal periodic forcing function.  These issues will be explored in future works. 
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